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Chapter 1

Refinement of Literals

1.1 Literals as Natural Numbers

1.1.1 Definition

lemma Pos-div2-iff:
(Pos ((bb :: nat) div 2) = b <— is-pos b A (bb = 2 % atm-of bV bb = 2 % atm-of b + 1)
{proof)

lemma Neg-div2-iff:
(Neg ((bb :: nat) div 2) = b <— is-neg b A (bb = 2 % atm-of b V bb = 2 % atm-of b + 1)
(proof)

Modeling nat literal via the transformation associating (2::'a) * n or (2::'a) * n + (1::'a) has
some advantages over the transformation to positive or negative integers: 0 is not an issue. It
is also a bit faster according to Armin Biere.

fun nat-of-lit :: (nat literal = nat) where
(nat-of-lit (Pos L) = 2xL
| (nat-of-lit (Neg L) = 2«L + D>

lemma nat-of-lit-def: <nat-of-lit L = (if is-pos L then 2 % atm-of L else 2 x atm-of L + 1))
(proof)

fun literal-of-nat :: <nat = nat literal) where
diteral-of-nat n = (if even n then Pos (n div 2) else Neg (n div 2))

lemma lit-of-nat-nat-of-lit[simp): iteral-of-nat (nat-of-lit L) = L»
(proof)

lemma nat-of-lit-lit-of-nat[simpl: (nat-of-lit (literal-of-nat n) = m
{proof)

lemma atm-of-lit-of-nat: <atm-of (literal-of-nat n) = n div 2
(proof)

There is probably a more “closed” form from the following theorem, but it is unclear if that is
useful or not.

lemma uminus-lit-of-nat:
(— (literal-of-nat n) = (if even n then literal-of-nat (n+1) else literal-of-nat (n—1))
{proof)

lemma literal-of-nat-literal-of-nat-eqliff]: diteral-of-nat x = literal-of-nat za +— = = za@

7



{proof)

definition nat-lit-rel :: «(nat x nat literal) sety where
(nat-lit-rel = br literal-of-nat (A-. True)

lemma ex-literal-of-nat: 3 bb. b = literal-of-nat bb

{proof)

1.1.2 Lifting to annotated literals
fun pair-of-ann-lit :: «(‘a, 'b) ann-lit = 'a literal x 'b option) where

(pair-of-ann-lit (Propagated L D) = (L, Some D))
| (pair-of-ann-lit (Decided L) = (L, None))

fun ann-lit-of-pair :: (a literal x 'b option = ('a, 'b) ann-lity where
(ann-lit-of-pair (L, Some D) = Propagated L D
| «ann-lit-of-pair (L, None) = Decided L

lemma ann-lit-of-pair-alt-def:
(ann-lit-of-pair (L, D) = (if D = None then Decided L else Propagated L (the D))
{proof)

lemma ann-lit-of-pair-pair-of-ann-lit: «ann-lit-of-pair (pair-of-ann-lit L) = L

(proof)

lemma pair-of-ann-lit-ann-lit-of-pair: <pair-of-ann-lit (ann-lit-of-pair L) = L

{proof)

lemma literal-of-neq-eq-nat-of-lit-eq-iff: iteral-of-nat b = L +— b = nat-of-lit L»

{proof)

lemma nat-of-lit-eq-iff [iff]: <nat-of-lit za = nat-of-lit z +— = = za

{proof)

definition ann-lit-rel:: «('a x nat) set = ('b X nat option) set =
(("a x 'b) x (nat, nat) ann-lit) set» where
ann-lit-rel-internal-def:
ann-lit-rel R R' = {(a, b). 3c d. (fsta, ¢) € R A (snd a, d) € R' A
b = ann-lit-of-pair (literal-of-nat ¢, d)}

1.2 Conflict Clause

definition the-is-empty where
(the-is-empty D = Multiset.is-empty (the D))

1.3 Atoms with bound

definition wint32-max :: nat where
(wint32-max = 2°32—1>

definition wint64-maz :: nat where
wint64-max = 2764/ —1

definition sint32-maz :: nat where
(sint32-max = 2°31—1)



definition sint64-maz :: nat where
(sint64-max = 2°68—1)

lemma uint6/-maz-wint-def: wunat (—1 :: 64 Word.word) = wint64-max)
(proof)

1.4 Operations with set of atoms.

context
fixes A;, :: (nat multiset)
begin

abbreviation Dy :: (nat x nat literal) set) where
(Do = (AL. (nat-of-lit L, L))  set-mset (Lanr Ain)

definition length-ll-f where
dength-ll-f W L = length (W L))

The following lemma was necessary at some point to prove the existence of some list.

lemma ex-list-watched:
fixes W :: (nat literal = 'a list)
shows (Jaa. Vr€#Ly Ain. nat-of-lit x < length aa A aa ! nat-of-lit t = W
(is Jaa. ?P aw)

(proof)

definition isasat-input-bounded where
[simp]: (isasat-input-bounded = (VL €# Loy Ain. nat-of-lit L < uint32-mazx))

definition isasat-input-nempty where
[simp]: (isasat-input-nemply = (set-mset A;, # {})

definition isasat-input-bounded-nempty where
usasat-input-bounded-nempty = (isasat-input-bounded A isasat-input-nempty)

1.5 Set of atoms with bound

context
assumes n-L,;;-less-uint32-mazx: isasat-input-bounded)
begin

lemma in-L,;;-less-uint32-maz”. (L €# Lo Ain = nat-of-lit L < wint32-maxn)

{proof)

lemma in-A;,-less-than-uint32-max-div-2:
(L e# Aijpy = L < wint32-maz div 2
(proof)

lemma simple-clss-size-upper-div2’:
assumes
lits: <literals-are-in-L;, A;n C) and
dist: «distinct-mset C)» and
tauto: (—tautology C) and



n-Lqy-less-uint32-max: YL €# Lo Aipn. nat-of-lit L < wint32-max — 1)
shows (size C' < wint32-max div 2>

(proof)

lemma simple-clss-size-upper-div2:
assumes
lits: <literals-are-in-L;, A;n C) and
dist: (distinct-mset C) and
tauto: (—tautology C)
shows (size C < 1 + uint32-max div 2)

(proof)

lemma clss-size-uint32-max:
assumes
lits: «literals-are-in-L;, A;n C) and
dist: «distinct-mset C)
shows (size C < wint32-max + 2>

(proof)

lemma clss-size-upper:

assumes

lits: <literals-are-in-L;, A;n C) and

dist: (distinct-mset C) and

in-Lqy-less-uint82-max: ~N L €# Loy Ain- nat-of-lit L < wint32-max — 1)
shows (size C' < wint32-max)

(proof)

lemma
assumes
lits: diterals-are-in-L;n-trail A;, M) and
n-d: mo-dup M)
shows
literals-are-in-L;, -trail-length-le-uint32-mazx:
dength M < Suc (uint32-maz div 2)) and
literals-are-in-L; ,, -trail-count-decided-uint32-max:
(count-decided M < Suc (uint32-maz div 2)) and
literals-are-in-L;., -trail-get-level-uint32-max:
get-level M L < Suc (uint32-maz div 2))
(proof)

lemma length-trail-uint32-max-div2:
fixes M :: (nat, 'b) ann-lits)
assumes
M-Lyy: VY Leset M. lit-of L €# Lo Ain) and
n-d: no-dup M)
shows dength M < wint32-maz div 2 + 1)
(proof)

end

end
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1.6 Instantion for code generation

instantiation literal :: (default) default
begin

definition default-literal where
(default-literal = Pos default)
instance (proof)

end

instantiation fmap :: (type, type) default
begin

definition default-fmap where
(default-fmap = fmempty
instance (proof)

end

1.6.1 Literals as Natural Numbers
definition propagated where

(propagated L C' = (L, Some C))

definition decided where
(decided L = (L, None)

definition uminus-lit-imp :: <nat = nat) where
(uminus-lit-imp L = bitXOR L 1)

lemma uminus-lit-imp-uminus:
(RETURN o uminus-lit-imp, RETURN o uminus) €
nat-lit-rel — 5 (nat-lit-rel) nres-rel

(proof)
1.6.2 State Conversion
Functions and Types:
More Operations

1.6.3 Code Generation

More Operations

definition literals-to-update-wl-empty :: (nat twl-st-wl = bool) where
diterals-to-update-wil-empty = (A(M, N, D, NE, UE, Q, W). Q = {#})

lemma in-nat-list-rel-list-all2-in-set-iff :
(a, aa) € nat-lit-rel =
list-all2 (A\z z'. (z, x') € nat-lit-rel) b ba =
a € set b +— aa € set ba)
(proof)

definition is-decided-wl where
(s-decided-wl L <— snd L = None)
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lemma ann-lit-of-pair-if:

(ann-lit-of-pair (L, D) = (if D = None then Decided L else Propagated L (the D))

{proof)

definition get-mazrimum-level-remove where

(get-mazimum-level-remove M D L = get-maximum-level M (removel-mset L D))

lemma in-list-all2-ez-in: a € set xs = list-all2 R s ys = b € set ys. R a b

{proof)

definition find-decomp-wl-imp :: ((nat, nat) ann-lits = nat clause = nat literal = (nat, nat) ann-lits

nres) where
(find-decomp-wl-imp = (AMy D L. do {

let lev = get-mazimum-level My (removel-mset (—L) D);

let k = count-decided My;
('7 M) —
WHILE NG, M). j = count-decided M A j > lev A\
(AG, M). j > lev)
(AGi, M). do {
ASSERT (M # [));
if is-decided (hd M)
then RETURN (j—1, tl M)
else RETURN (j, tl M)}
)
(ka MO)7
RETURN M
1)

lemma ex-decomp-get-ann-decomposition-iff:

(M =1 — j = lev) A @M. Mo=M'@MA (=

(I M2. (Decided K # M1, M2) € set (get-all-ann-decomposition M)) <—

(3M2. M = M2 @ Decided K # M1))
(proof)

lemma count-decided-tl-if:

(M # [| = count-decided (tl M) = (if is-decided (hd M) then count-decided M — 1 else count-decided

M)
{proof)

lemma count-decided-butlast:

(count-decided (butlast xs) = (if is-decided (last xs) then count-decided xs — 1 else count-decided xs)

{proof)

definition find-decomp-wl’ where
(find-decomp-wl’ =

(M M::(nat, nat) ann-lits) (D::nat clause) (L:nat literal).
SPEC(AM1. 3K M2. (Decided K # M1, M2) € set (get-all-ann-decomposition M) A
get-level M K = get-maximum-level M (D — {#—L#}) + 1))

definition get-conflict-wl-is-None :: <nat twl-st-wl = bool) where
(get-conflict-wl-is-None = (\(M, N, D, NE, UE, @, W). is-None D)

lemma get-conflict-wl-is-None: (get-conflict-wl S = None <— get-conflict-wl-is-None S

12



{proof)

lemma watched-by-nth-watched-app':
(watched-by S K = ((snd o snd o snd o snd o snd o snd o snd o snd) S) K»

{proof)

lemma hd-decided-count-decided-ge-1:
@ # [| = is-decided (hd ) = Suc 0 < count-decided

(proof)

definition (in —) find-decomp-wl-imp’ :: «(nat, nat) ann-lits = nat clause-l list = nat =
nat clause = nat clauses = nat clauses = nat lit-queue-wl =
(nat literal = nat watched) = - = (nat, nat) ann-lits nres) where
(find-decomp-wl-imp’ = (AM N U D NE UE W Q L. find-decomp-wl-imp M D L)

definition is-decided-hd-trail-wl where
is-decided-hd-trail-wl S = is-decided (hd (get-trail-wl S))

definition is-decided-hd-trail-wll :: (nat twl-st-wl = bool nres) where
is-decided-hd-trail-wll = (A(M, N, D, NE, UE, Q, W).
RETURN (is-decided (hd M))
)

lemma Propagated-eq-ann-lit-of-pair-iff:
(Propagated 121 222 = ann-lit-of-pair (a, b) «+— 221 = a A b = Some 222
(proof)

lemma set-mset-all-lits-of-mm-atms-of-ms-iff:
set-mset (all-lits-of-mm A) = set-mset (Lqn A) <— atms-of-ms (set-mset A) = atms-of (Lq A

(proof)

definition card-maz-lvl where
card-maz-lwl M C = size (filter-mset (\L. get-level M L = count-decided M) C)

lemma card-maz-lvl-add-mset: (card-maz-lol M (add-mset L C) =
(if get-level M L = count-decided M then 1 else 0) +
card-maz-lvl M C)

{proof)

lemma card-maz-lvl-empty[simp): <card-maz-lol M {#} = O

(proof)

lemma card-mazx-lvl-all-poss:
card-maz-lwl M C = card-maz-lwl M (poss (atm-of ‘# C))
{proof)

lemma card-mazx-lvl-distinct-cong:
assumes
(A\L. get-level M (Pos L) = count-decided M = (L € atms-of C) = (L € atms-of C'')) and
(A\L. get-level M (Pos L) = count-decided M = (L € atms-of C') = (L € atms-of C)) and
(distinct-mset C) (—tautology C> and
(distinct-mset C"y «—=tautology C"
shows <card-maz-lvl M C = card-maz-lvl M C"

(proof)

13



end
theory IsaSAT-Arena
imports
Watched-Literals. WB-More- Refinement- List
IsaSAT-Literals
begin
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Chapter 2

The memory representation: Arenas

We implement an “arena” memory representation: This is a flat representation of clauses, where
all clauses and their headers are put one after the other. A lot of the work done here could be
done automatically by a C compiler (see paragraph on Cadical below).

While this has some advantages from a performance point of view compared to an array of
arrays, it allows to emulate pointers to the middle of array with extra information put before
the pointer. This is an optimisation that is considered as important (at least according to Armin
Biere).

In Cadical, the representation is done that way although it is implicit by putting an array into a
structure (and rely on UB behaviour to make sure that the array is “inlined” into the structure).
Cadical also uses another trick: the array is but inside a union. This union contains either the
clause or a pointer to the new position if it has been moved (during GC-ing). There is no way
for us to do so in a type-safe manner that works both for wint6/ and nat (unless we know
some details of the implementation). For wint64, we could use the space used by the headers.
However, it is not clear if we want to do do, since the behaviour would change between the two
types, making a comparison impossible. This means that half of the blocking literals will be
lost (if we iterate over the watch lists) or all (if we iterate over the clauses directly).

The order in memory is in the following order:

1. the saved position (was optional in cadical too; since sr-19, not optional);
2. the status;

3. the activity;

4. the LBD;

5. the size;

6. the clause.
Remark that the information can be compressed to reduce the size in memory:

1. the saved position can be skipped for short clauses;

2. the LBD will most of the time be much shorter than a 32-bit integer, so only an approxi-
mation can be kept and the remaining bits be reused;

3. the activity is not kept by cadical (to use instead a MTF-like scheme).

15



As we are already wasteful with memory, we implement the first optimisation. Point two can
be implemented automatically by a (non-standard-compliant) C compiler.

In our case, the refinement is done in two steps:

1. First, we refine our clause-mapping to a big list. This list contains the original elements.
For type safety, we introduce a datatype that enumerates all possible kind of elements.

2. Then, we refine all these elements to uint32 elements.

In our formalisation, we distinguish active clauses (clauses that are not marked to be deleted)
from dead clauses (that have been marked to be deleted but can still be accessed). Any dead
clause can be removed from the addressable clauses (vdom for virtual domain). Remark that
we actually do not need the full virtual domain, just the list of all active position (TODO?).
Remark that in our formalisation, we don’t (at least not yet) plan to reuse freed spaces (the
predicate about dead clauses must be strengthened to do so). Due to the fact that an arena
is very different from an array of clauses, we refine our data structure by hand to the long list
instead of introducing refinement rules. This is mostly done because iteration is very different
(and it does not change what we had before anyway).

Some technical details: due to the fact that we plan to refine the arena to uint32 and that
our clauses can be tautologies, the size does not fit into uint32 (technically, we have the bound
uint32-max + 1). Therefore, we restrict the clauses to have at least length 2 and we keep length
C — 2 instead of length C (same for position saving). If we ever add a preprocessing path that
removes tautologies, we could get rid of these two limitations.

To our own surprise, using an arena (without position saving) was exactly as fast as the our
former resizable array of arrays. We did not expect this result since:

1. First, we cannot use uint32 to iterate over clauses anymore (at least no without an addi-
tional trick like considering a slice).

2. Second, there is no reason why MLton would not already use the trick for array.

(We assume that there is no gain due the order in which we iterate over clauses, which seems
a reasonnable assumption, even when considering than some clauses will subsume the previous
one, and therefore, have a high chance to be in the same watch lists).

We can mark clause as used. This trick is used to implement a MTF-like scheme to keep clauses.

2.1 Status of a clause

datatype clause-status = IRRED | LEARNED | DELETED

instantiation clause-status :: default
begin

definition default-clause-status where <default-clause-status = DELETED)
instance (proof)

end
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2.2 Definition

The following definitions are the offset between the beginning of the clause and the specific
headers before the beginning of the clause. Remark that the first offset is not always valid.
Also remark that the fields are before the actual content of the clause.

definition POS-SHIFT :: nat where
(POS-SHIFT = 5>

definition STATUS-SHIFT :: nat where
(STATUS-SHIFT = }»

definition ACTIVITY-SHIFT :: nat where
(ACTIVITY-SHIFT = %)

definition LBD-SHIFT :: nat where
(LBD-SHIFT = 2

definition SIZE-SHIFT :: nat where
(SIZE-SHIFT = 1)

definition MAX-LENGTH-SHORT-CLAUSE :: nat where
[simp]: (MAX-LENGTH-SHORT-CLAUSE = 4»

definition is-short-clause where
[simp]: (is-short-clause C' +— length C' < MAX-LENGTH-SHORT-CLAUSE)

abbreviation is-long-clause where
(is-long-clause C' = —is-short-clause C)

definition header-size :: (nat clause-l = nat> where
(header-size C' = (if is-short-clause C then 4 else 5)

lemmas SHIFTS-def = POS-SHIFT-def STATUS-SHIFT-def ACTIVITY-SHIFT-def LBD-SHIFT-def
SIZE-SHIFT-def

In an attempt to avoid unfolding definitions and to not rely on the actual value of the positions
of the headers before the clauses.

lemma arena-shift-distinct:

> 8 = i— SIZE-SHIFT # i — LBD-SHIFT)

> 8 = i— SIZE-SHIFT # i — ACTIVITY-SHIFT)

> 8 = i— SIZE-SHIFT # i — STATUS-SHIFT)

> 8 => i — LBD-SHIFT # i — ACTIVITY-SHIFT)

> 8 => i — LBD-SHIFT + i — STATUS-SHIFT)

> 8 = i— ACTIVITY-SHIFT # i — STATUS-SHIFT)

> 4 = i— SIZE-SHIFT # i — POS-SHIFT)

G > J = i — LBD-SHIFT # i — POS-SHIFT)

> 4 = i— ACTIVITY-SHIFT # i — POS-SHIFT)

> J = i— STATUS-SHIFT # i — POS-SHIFT)

Q> 8 =j> 8 = i— SIZE-SHIFT = j — SIZE-SHIFT +— i = j

> §=>3j> 8 =>i— LBD-SHIFT = j — LBD-SHIFT +— i = j)

W> =>j> 4 =>i— ACTIVITY-SHIFT = j — ACTIVITY-SHIFT < i = j
i> §=>3j> 8 =>i— STATUS-SHIFT = j — STATUS-SHIFT <+ i = j
i> J =>j> /= i— POS-SHIFT = j — POS-SHIFT +— i = j
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(1 > header-size C = i — SIZE-SHIFT # i — LBD-SHIFT)

(1 > header-size C = { — SIZE-SHIFT # i — ACTIVITY-SHIFT)

(4 > header-size C = i — SIZE-SHIFT # i — STATUS-SHIFT»

(¢ > header-size C = i — LBD-SHIFT # i — ACTIVITY-SHIF'T)

(1 > header-size C = ¢ — LBD-SHIFT # i — STATUS-SHIFT)

(1 > header-size C = i — ACTIVITY-SHIFT # ¢ — STATUS-SHIFT)

(1 > header-size C' = is-long-clause C = i — SIZE-SHIFT # i — POS-SHIFT)

(4 > header-size C = is-long-clause C = @ — LBD-SHIFT # i — POS-SHIFT)

(¢ > header-size C = is-long-clause C = i — ACTIVITY-SHIFT # i — POS-SHIFT)
(1 > header-size C = is-long-clause C = i — STATUS-SHIFT # i — POS-SHIFT)

(i > header-size C = j > header-size C' = ¢ — SIZE-SHIFT = j — SIZE-SHIFT +— ¢ = p

(i > header-size C' = j > header-size C' = i — LBD-SHIFT = j — LBD-SHIFT +— i =}

(i > header-size C = j > header-size C' =—> i — ACTIVITY-SHIFT = j — ACTIVITY-SHIFT
=P

(i > header-size C = j > header-size C' = i — STATUS-SHIFT = j — STATUS-SHIFT +— i =
P

(i > header-size C = j > header-size C' = is-long-clause C = is-long-clause C' —>

i — POS-SHIFT = j — POS-SHIFT <— i =)
(proof)

lemma header-size-ge0|[simpl: <0 < header-size x1)

(proof)

datatype arena-el =
is-Lit: ALit (zarena-lit: (nat literal)) |
is-LBD: ALBD (zarena-lbd: nat) |
is-Act: AActivity (zarena-act: nat) |
is-Size: ASize (zarena-length: nat) |
is-Pos: APos (zarena-pos: nat) |
is-Status: AStatus (zarena-status: clause-status) (zarena-used: bool)

type-synonym arena = (arena-el list)

definition zarena-active-clause :: <arena = nat clause-I x bool = bool) where
arena-active-clause arena = (A(C, red).

(length C > 2 A
header-size C + length C = length arena A

(is-long-clause C — (is-Pos (arena!(header-size C — POS-SHIFT)) A
zarena-pos(arenal(header-size C — POS-SHIFT)) < length C — 2))) A

is-Status(arenal(header-size C — STATUS-SHIFT)) A
(zarena-status(arenal(header-size C — STATUS-SHIFT)) = IRRED <— red) A
(zarena-status(arenal(header-size C — STATUS-SHIFT)) = LEARNED +— —red) A

is-LBD(arenal(header-size C' — LBD-SHIFT)) A

is-Act(arenal(header-size C — ACTIVITY-SHIFT)) A

is-Size(arenal(header-size C — SIZE-SHIFT)) A

zarena-length(arenal(header-size C — SIZE-SHIFT)) + 2 = length C' A

drop (header-size C) arena = map ALit C

)
As (N i, irred N i) is automatically simplified to the (fmlookup N i), we provide an alternative
definition that uses the result after the simplification.

lemma zarena-active-clause-alt-def:
(xarena-active-clause arena (the (fmlookup N 7)) +— (
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(length (Nxi) > 2 A
header-size (Noxi) + length (Nxi) = length arena A

(is-long-clause (Noxi) — (is-Pos (arenal(header-size (Noxi) — POS-SHIFT)) A
zarena-pos(arenal(header-size (Noxi) — POS-SHIFT)) < length (Nxi) — 2)) A

is-Status(arenal(header-size (Nxi) — STATUS-SHIFT)) A
(zarena-status(arenal(header-size (Noxi) — STATUS-SHIFT)) = IRRED <— irred N i) A
(zarena-status(arenal(header-size (Noxi) — STATUS-SHIFT)) = LEARNED <— —irred N i) A

is-LBD(arena!(header-size (Noxi) — LBD-SHIFT)) A

is-Act(arena!(header-size (Noxi) — ACTIVITY-SHIFT)) A

is-Size(arenal(header-size (Noxi) — SIZE-SHIFT)) A

zarena-length(arena!(header-size (Noxi) — SIZE-SHIFT)) + 2 = length (Noxi) A

drop (header-size (Nxi)) arena = map ALit (Noxi)

)
(proof)

The extra information is required to prove “separation” between active and dead clauses. And
it is true anyway and does not require any extra work to prove. TODO generalise LBD to
extract from every clause?

definition arena-dead-clause :: (arena = bool) where
(arena-dead-clause arena <—
is-Status(arenal(4 — STATUS-SHIFT)) A zarena-status(arenal(4 — STATUS-SHIFT)) = DELETED

A

is-LBD(arenal(4 — LBD-SHIFT)) A

is-Act(arenal(4 — ACTIVITY-SHIFT)) A

is-Size(arenal(4 — SIZE-SHIFT))
)

When marking a clause as garbage, we do not care whether it was used or not.

definition extra-information-mark-to-delete where

extra-information-mark-to-delete arena i = arena[i — STATUS-SHIFT := AStatus DELETED False)>

This extracts a single clause from the complete arena.

abbreviation clause-slice where
(clause-slice arena N i = Misc.slice (i — header-size (Nxi)) (i + length(Nxi)) arena)

abbreviation dead-clause-slice where
(dead-clause-slice arena N i = Misc.slice (i — 4) i arena

We now can lift the validity of the active and dead clauses to the whole memory and link it the
mapping to clauses and the addressable space.

In our first try, the predicated zarena-active-clause took the whole arena as parameter. This
however turned out to make the proof about updates less modular, since the slicing already
takes care to ignore all irrelevant changes.

definition valid-arena :: <arena = nat clauses-l = nat set = bool) where
(valid-arena arena N vdom <—
(Vi €# dom-m N. i < length arena A i > header-size (Noxi) A
zarena-active-clause (clause-slice arena N i) (the (fmlookup N ©))) A
(Vi € vdom. i ¢# dom-m N — (i < length arena A i > 4 A
arena-dead-clause (dead-clause-slice arena N 1)))
)

lemma valid-arena-empty: walid-arena | fmempty {H

{proof)
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definition arena-status where
(arena-status arena i = zarena-status (arenal(i — STATUS-SHIFT))

definition arena-used where
(arena-used arena i = zarena-used (arena!(i — STATUS-SHIFT))

definition arena-length where
(arena-length arena i = 2 + zarena-length (arenal(i — SIZE-SHIFT)))

definition arena-lbd where
arena-lbd arena i = zarena-lbd (arenal(i — LBD-SHIFT))

definition arena-act where
(arena-act arena i = zarena-act (arenal(i — ACTIVITY-SHIFT))

definition arena-pos where
(arena-pos arena i = 2 + zarena-pos (arenal(i — POS-SHIFT)))

definition arena-lit where
arena-lit arena i = zarena-lit (arenali)

definition op-incr-mod32 n = (n+1 :: nat) mod 2732

definition arena-incr-act where
(arena-incr-act arena i = arenali — ACTIVITY-SHIFT := AActivity (op-incr-mod32 (zarena-act
(arenal(i — ACTIVITY-SHIFT))))])

2.3 Separation properties

The following two lemmas talk about the minimal distance between two clauses in memory.
They are important for the proof of correctness of all update function.

lemma minimal-difference-between-valid-index:
assumes Vi €# dom-m N. i < length arena A i > header-size (Nxi) A
zarena-active-clause (clause-slice arena N 1) (the (fmlookup N 7)) and
(i €# dom-m N) and (j €# dom-m N> and j >
shows (j — ¢ > length (Nxi) + header-size (Noj))
(proof)

lemma minimal-difference-between-invalid-index:
assumes (valid-arena arena N vdom) and
(i €# dom-m N) and (j é# dom-m N> and j > © and j € vdom
shows (j — ¢ > length (Nxi) + 4»
(proof)

At first we had the weaker (1::'a) < i — j which we replaced by (4::'a) < i — j. The former
however was able to solve many more goals due to different handling between 1::’a (which is
simplified to Suc 0) and 4::’a (whi:match is not). Therefore, we replaced 4::’a by Suc (Suc

(Suc (Suc 0)))

lemma minimal-difference-between-invalid-index2:
assumes (valid-arena arena N vdom) and
@ €# dom-m N» and j ¢# dom-m N) and ¢ < © and (j € vdom)
shows « — j > Suc (Suc (Suc (Suc 0)))) and
is-long-clause (N o< i) = i — j > Suc (Suc (Suc (Suc (Suc 0))))
(proof)
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lemma valid-arena-in-vdom-le-arena:
assumes (valid-arena arena N vdom) and (j € vdom)
shows (j < length arena) and j > 4)

{proof)

lemma valid-minimal-difference-between-valid-index:
assumes (valid-arena arena N vdom) and
(4 €# dom-m N) and (j €# dom-m N> and j >
shows (j — i > length (Nxi) + header-size (Nocj))
(proof)

Updates

Mark to delete lemma clause-slice-extra-information-mark-to-delete:
assumes
1. (i €# dom-m N) and
ia: <a €# dom-m N) and
dom: Vi €# dom-m N. i < length arena A i > header-size (No<i) A
zarena-active-clause (clause-slice arena N ©) (the (fmlookup N 7))
shows
(clause-slice (extra-information-mark-to-delete arena i) N ia =
(if ia = i then extra-information-mark-to-delete (clause-slice arena N ia) (header-size (Ni))
else clause-slice arena N ia)

(proof)

lemma clause-slice-extra-information-mark-to-delete-dead:

assumes
i: i €# dom-m N> and
ia: da ¢# dom-m N) da € vdom) and
dom: (valid-arena arena N vdom)

shows
(arena-dead-clause (dead-clause-slice (extra-information-mark-to-delete arena i) N ia) =

arena-dead-clause (dead-clause-slice arena N ia))

(proof)

lemma length-extra-information-mark-to-delete[simp]:
dength (extra-information-mark-to-delete arena i) = length arena)

{proof)

lemma valid-arena-mono: valid-arena ab ar vdoml —> vdom2 C vdoml — valid-arena ab ar vdom2)
(proof)

lemma valid-arena-extra-information-mark-to-delete:
assumes arena: (valid-arena arena N vdom) and i: i €# dom-m N)
shows (valid-arena (extra-information-mark-to-delete arena ) (fmdrop i N) (insert i vdom))

(proof)

lemma valid-arena-extra-information-mark-to-delete’:
assumes arena: (valid-arena arena N vdom) and i: i €# dom-m N)
shows (valid-arena (extra-information-mark-to-delete arena i) (fmdrop i N) vdom)

(proof)
Removable from addressable space lemma valid-arena-remove-from-vdom:

assumes (valid-arena arena N (insert i vdom))
shows «(wvalid-arena arena N vdom)

21



{proof)

Update activity definition update-act where
(update-act C act arena = arena|C — ACTIVITY-SHIFT := AActivity act)

lemma clause-slice-update-act:
assumes
i: (i €# dom-m N> and
ia: <a €# dom-m N) and
dom: Vi €# dom-m N. i < length arena A ¢ > header-size (Noxi) A
zarena-active-clause (clause-slice arena N i) (the (fmlookup N 1))
shows
(clause-slice (update-act i act arena) N ia =
(if ia = i then update-act (header-size (Noxi)) act (clause-slice arena N ia)
else clause-slice arena N ia)

(proof)

lemma length-update-act[simpl:
dength (update-act i act arena) = length arena)

(proof)

lemma clause-slice-update-act-dead:

assumes
i: (i €# dom-m N> and
ia: a ¢4 dom-m N) <a € vdom) and
dom: walid-arena arena N vdom)

shows
(arena-dead-clause (dead-clause-slice (update-act i act arena) N ia) =

arena-dead-clause (dead-clause-slice arena N ia)

(proof)

lemma zarena-active-clause-update-act-same:
assumes
(i > header-size (N x 7)) and
(1 < length arena) and
(rarena-active-clause (clause-slice arena N i)
(the (fmlookup N ©))
shows (zarena-active-clause (update-act (header-size (Noxi)) act (clause-slice arena N 1))

(the (fmlookup N 1))
{proof)

lemma valid-arena-update-act:
assumes arena: (valid-arena arena N vdom) and i: (i €# dom-m N)
shows (valid-arena (update-act i act arena) N vdom

(proof)

Update LBD definition update-lbd where
(update-lbd C lbd arena = arena|C — LBD-SHIFT := ALBD [bd)

lemma clause-slice-update-lbd:
assumes
i: (i €# dom-m N) and
ia: <a €# dom-m N) and
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dom: Vi €# dom-m N. i < length arena A i > header-size (No<i) A
zarena-active-clause (clause-slice arena N ©) (the (fmlookup N 7))
shows
(clause-slice (update-lbd i lbd arena) N ia =
(if ia = i then update-lbd (header-size (Noxi)) lbd (clause-slice arena N ia)
else clause-slice arena N ia)

(proof)

lemma length-update-lbd[simp]:
dength (update-lbd i lbd arena) = length arena
{proof)

lemma clause-slice-update-lbd-dead:

assumes
i: (i €# dom-m N) and
ia: da ¢# dom-m N) <a € vdom) and
dom: «valid-arena arena N vdom)

shows
(arena-dead-clause (dead-clause-slice (update-lbd i lbd arena) N ia) =

arena-dead-clause (dead-clause-slice arena N ia))

(proof)

lemma zarena-active-clause-update-lbd-same:

assumes
(1 > header-size (N 1)) and
(i < length arena) and
(xarena-active-clause (clause-slice arena N 1)
(the (fmlookup N 1))

shows (zarena-active-clause (update-lbd (header-size (Nxi)) Ibd (clause-slice arena N 7))
(the (fmlookup N 7))

{proof)

lemma valid-arena-update-lbd:
assumes arena: (valid-arena arena N vdom) and i: (i €# dom-m N)
shows (valid-arena (update-lbd i lbd arena) N vdom)

(proof)

Update saved position definition update-pos-direct where
(update-pos-direct C pos arena = arena[C — POS-SHIFT := APos pos))

definition arena-update-pos where
arena-update-pos C pos arena = arena[C — POS-SHIFT := APos (pos — 2))

lemma arena-update-pos-alt-def:
(arena-update-pos C i N = update-pos-direct C' (i — 2) N>
(proof)

lemma clause-slice-update-pos:
assumes
1. (i €# dom-m N> and
ia: (la €# dom-m N> and
dom: Vi €# dom-m N. i < length arena A i > header-size (Nxi) A
zarena-active-clause (clause-slice arena N i) (the (fmlookup N i))) and
long: «is-long-clause (N o 1))

23



shows
(clause-slice (update-pos-direct i pos arena) N ia =
(if ia = i then update-pos-direct (header-size (Nxi)) pos (clause-slice arena N ia)
else clause-slice arena N ia)

(proof)

lemma clause-slice-update-pos-dead:

assumes
i: i €4# dom-m N> and
ia: da ¢# dom-m N) da € vdom) and
dom: (valid-arena arena N vdom) and
long: (is-long-clause (N o i)

shows
(arena-dead-clause (dead-clause-slice (update-pos-direct i pos arena) N ia) =

arena-dead-clause (dead-clause-slice arena N ia))

(proof)

lemma zarena-active-clause-update-pos-same:

assumes
(i > header-size (N « 1)) and
(i < length arena> and
(arena-active-clause (clause-slice arena N 1)
(the (fmlookup N 7)) and
long: <is-long-clause (N o« 7)) and
(pos < length (N x i) — 2

shows (zarena-active-clause (update-pos-direct (header-size (Noxi)) pos (clause-slice arena N 1))
(the (fmlookup N 1))

{proof)

lemma length-update-pos|[simp]:
dength (update-pos-direct i pos arena) = length arena

{proof)

lemma valid-arena-update-pos:
assumes arena: (valid-arena arena N vdom) and i: < €# dom-m N) and
long: (is-long-clause (N o« i)and
pos: <pos < length (N o i) — 2)
shows (valid-arena (update-pos-direct i pos arena) N vdom)

(proof)

Swap literals definition swap-lits where
(swap-lits C' i j arena = swap arena (C +i) (C + j)

lemma clause-slice-swap-lits:
assumes
i: (i €# dom-m N> and
ia: (la €# dom-m N> and
dom: Vi €# dom-m N. i < length arena A i > header-size (Noxi) A
zarena-active-clause (clause-slice arena N i) (the (fmlookup N i))) and
k: <k < length (N « i) and
I: <l < length (N x i)
shows
(clause-slice (swap-lits i k | arena) N ia =
(if ia = i then swap-lits (header-size (Noxi)) k I (clause-slice arena N ia)
else clause-slice arena N ia)
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(proof)

lemma length-swap-lits[simp]:
dength (swap-lits i k 1 arena) = length arena

{proof)

lemma clause-slice-swap-lits-dead:

assumes
1. (i €# dom-m N> and
ia: da ¢# dom-m N) da € vdom) and
dom: alid-arena arena N vdom)and
k: <k < length (N « ¢)) and
I: d < length (N o 7))

shows
(arena-dead-clause (dead-clause-slice (swap-lits i k | arena) N ia) =

arena-dead-clause (dead-clause-slice arena N ia))

(proof)

lemma zarena-active-clause-swap-lits-same:
assumes
(i > header-size (N 1)) and
(i < length arena> and
(arena-active-clause (clause-slice arena N 1)
(the (fmlookup N 7))rand
k: <k < length (N x i) and
I: <l < length (N x i)
shows (zarena-active-clause (clause-slice (swap-lits i k I arena) N i)
(the (fmlookup (N (i — swap (N o @) k1)) 7))
{proof)

lemma is-short-clause-swap[simp): (is-short-clause (swap (N o i) k1) = is-short-clause (N 7))
(proof)

lemma header-size-swap[simp|: (header-size (swap (N i) kI) = header-size (N i)

(proof)

lemma valid-arena-swap-lits:
assumes arena: (walid-arena arena N vdom) and i: i €# dom-m N) and
k: <k < length (N « i) and
I: d < length (N o 7))
shows «walid-arena (swap-lits i k | arena) (N(i — swap (N x ) k1)) vdom)

(proof)

Learning a clause definition append-clause-skeleton where
(append-clause-skeleton pos st used act lbd C arena =
(if is-short-clause C then
arena Q (AStatus st used) # AActivity act # ALBD Ibd #
ASize (length C — 2) # map ALit C
else arena Q@ APos pos # (AStatus st used) # AActivity act #
ALBD Ibd # ASize (length C — 2) # map ALit C)

definition append-clause where
(append-clause b C arena =

append-clause-skeleton 0 (if b then IRRED else LEARNED) False 0 (length C — 2) C arena)

lemma arena-active-clause-append-clause:
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assumes
(¢ > header-size (N « 7)) and
(1 < length arena) and
(xarena-active-clause (clause-slice arena N i) (the (fmlookup N 7))

shows (zarena-active-clause (clause-slice (append-clause-skeleton pos st used act lbd C arena) N i)

(the (fmlookup N 1))
(proof)

lemma length-append-clause|simp]:
dength (append-clause-skeleton pos st used act lbd C arena) =
length arena + length C + header-size C)
dength (append-clause b C arena) = length arena + length C + header-size C)

{proof)

lemma arena-active-clause-append-clause-same: (2 < length C = st # DELETED —>

pos < length C — 2 —>

b« (st = IRRED) =

zarena-active-clause

(Misc.slice (length arena) (length arena + header-size C + length C')
(append-clause-skeleton pos st used act lbd C arena))

(the (fmlookup (fmupd (length arena + header-size C') (C, b) N)
(length arena + header-size C)))

{proof)

lemma clause-slice-append-clause:
assumes
ia: da ¢# dom-m N) da € vdom) and
dom: (valid-arena arena N vdom) and
(arena-dead-clause (dead-clause-slice (arena) N ia)
shows
(arena-dead-clause (dead-clause-slice (append-clause-skeleton pos st used act lbd C arena) N ia)

(proof)

lemma valid-arena-append-clause-skeleton:
assumes arena: (valid-arena arena N vdom) and le-C: (ength C > 2) and
b: b «— (st = IRRED)) and st: (st # DELETED) and
pos: (pos < length C — 2
shows (valid-arena (append-clause-skeleton pos st used act lbd C arena)
(fmupd (length arena + header-size C) (C, b) N)
(insert (length arena + header-size C) vdom))

(proof)

lemma valid-arena-append-clause:
assumes arena: (wvalid-arena arena N vdom) and le-C': length C > 2)

shows «walid-arena (append-clause b C arena)
(fmupd (length arena + header-size C) (C, b) N)
(insert (length arena + header-size C) vdom)

{proof)

Refinement Relation

definition status-rel:: (nat x clause-status) set where
(status-rel = {(0, IRRED), (1, LEARNED), (3, DELETED)}

definition bitfield-rel where
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bitfield-rel n = {(a, b). b +— a AND (2 "n) > 0}h

definition arena-el-relation where
arena-el-relation x el = (case el of

)

AStatus n b = (z AND 0b11, n) € status-rel A (z, b) € bitfield-rel 2
| APos n = (z, n) € nat-rel
| ASize n = (z, n) € nat-rel
| ALBD n = (z, n) € nat-rel
| AActivity n = (z, n) € nat-rel
| ALit n = (z, n) € nat-lit-rel

definition arena-el-rel where
arena-el-rel-interal-def: (arena-el-rel = {(x, el). arena-el-relation = el}

lemmas arena-el-rel-def = arena-el-rel-interal-def [unfolded arena-el-relation-def]

Preconditions and Assertions for the refinement

The following lemma expresses the relation between the arena and the clauses and especially

shows the preconditions to be able to generate code.

The conditions on arena-status are in the direction to simplify proofs: If we would try to go in
the opposite direction, we could rewrite — irred N i into arena-status arena ¢ # LEARNED,

which is a weaker property.

The inequality on the length are here to enable simp to prove inequalities Suc 0 < arena-length
arena C automatically. Normally the arithmetic part can prove it from 2 < arena-length arena

C, but as this inequality is simplified away, it does not work.

lemma arena-lifting:

assumes valid: (valid-arena arena N vdom) and
i: (4 €H# dom-m N)
shows
(i > header-size (N « 1)) and
(i < length arena)
(is-Size (arena ! (i — SIZE-SHIFT)))
dength (N i) = arena-length arena i
(4 < length (N x i) = N i ! j = arena-lit arena (i + j)> and
(j < length (N o« i) = is-Lit (arena ! (i+j))) and
(¢ < length (N < i) = i + j < length arena) and
(N «x i! 0 = arena-lit arena 9 and
tis-Lit (arena ! ¢)) and
(@ + length (N x i) < length arena> and
tis-long-clause (N x i) = is-Pos (arena ! ( i — POS-SHIFT))) and
(is-long-clause (N o« i) = arena-pos arena i < arena-length arena © and
ts-LBD (arena ! (i — LBD-SHIF'T))) and
s-Act (arena ! (i — ACTIVITY-SHIFT))) and
(is-Status (arena ! (i — STATUS-SHIFT))) and
(SIZE-SHIFT < i and
(LBD-SHIFT <
(ACTIVITY-SHIFT < % and
(arena-length arena i > 2> and
(arena-length arena ¢ > Suc 0) and
(arena-length arena i > 0) and
(arena-length arena i > Suc 0> and
(arena-length arena i > () and
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(arena-status arena i = LEARNED <— —irred N 9 and
(arena-status arena © = IRRED <— irred N v and

(arena-status arena i # DELETED) and

(Misc.slice i (i + arena-length arena i) arena = map ALit (N o i)

(proof)

lemma arena-dom-status-iff:
assumes valid: walid-arena arena N vdom) and
i (1 € vdom)
shows
(i €# dom-m N <— arena-status arena i # DELETED: (is <?eq is <(?A <— ?B)) and
(is-LBD (arena ! (i — LBD-SHIFT))) (is ?lbd) and
ts-Act (arena ! (i — ACTIVITY-SHIFT))) (is Zact) and
(is-Status (arena ! (i — STATUS-SHIFT)) (is ?stat) and
4 <o (is Zge)
(proof)

lemma valid-arena-one-notin-vdomD:
walid-arena M N vdom = Suc 0 ¢ vdom»

{proof)

This is supposed to be used as for assertions. There might be a more “local” way to define it,
without the need for an existentially quantified clause set. However, I did not find a definition
which was really much more useful and more practical.

definition arena-is-valid-clause-idx :: <arena = nat = bool> where
(arena-is-valid-clause-idx arena i <—
(3 N vdom. valid-arena arena N vdom A i €# dom-m N))

This precondition has weaker preconditions is restricted to extracting the status (the other
headers can be extracted but only garbage is returned).

definition arena-is-valid-clause-vdom :: (arena = nat = bool) where
(arena-is-valid-clause-vdom arena i +—
(3 N vdom. valid-arena arena N vdom A i € vdom))

lemma SHIFTS-alt-def:
(POS-SHIFT = Suc (Suc (Suc (Suc (Suc 0))))
(STATUS-SHIFT = Suc (Suc (Suc (Suc 0)))
(ACTIVITY-SHIFT = Suc (Suc (Suc 0))
(LBD-SHIFT = Suc (Suc 0)
(SIZE-SHIFT = Suc O

{proof)

definition arena-is-valid-clause-idz-and-access :: (arena = nat = nat = bool) where
(arena-is-valid-clause-idz-and-access arena © j +—
(3 N vdom. valid-arena arena N vdom A i €# dom-m N A j < length (N  ))

This is the precondition for direct memory access: N ! ¢ where i = j + (j — 7) instead of N
RN
definition arena-lit-pre where

(arena-lit-pre arena i <—
(3j. i > j§ A arena-is-valid-clause-idz-and-access arena j (i — j))

definition arena-lit-pre2 where
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(arena-lit-pre2 arena ¢ j <—
(3N vdom. valid-arena arena N vdom A i@ €# dom-m N A j < length (N o @)

definition swap-lits-pre where
(swap-lits-pre C i j arena +— C + ¢ < length arena N C + j < length arena

definition update-lbd-pre where
(update-lbd-pre = (A((C, Ibd), arena). arena-is-valid-clause-idz arena C'))

definition get-clause-LBD-pre where
(get-clause-LBD-pre = arena-is-valid-clause-idx

Saved position definition get-saved-pos-pre where
(get-saved-pos-pre arena C <— arena-is-valid-clause-idx arena C A
arena-length arena C > MAX-LENGTH-SHORT-CLAUSE)

definition isa-update-pos-pre where
tsa-update-pos-pre = (A((C, pos), arena). arena-is-valid-clause-idz arena C N\ pos > 2 A

pos < arena-length arena C' A arena-length arena C > MAX-LENGTH-SHORT-CLAUSE),

definition mark-garbage-pre where
(mark-garbage-pre = (A(arena, C). arena-is-valid-clause-idz arena C))

definition arena-act-pre where
(arena-act-pre = arena-is-valid-clause-idx)

lemma length-clause-slice-list-update]simp):
dength (clause-slice (arenali := z]) a b) = length (clause-slice arena a b))

{proof)

definition arena-decr-act where
(arena-decr-act arena i = arena[i — ACTIVITY-SHIFT :=
AActivity (zarena-act (arenal(i — ACTIVITY-SHIFT)) div 2))

lemma length-arena-decr-act[simp):
dength (arena-decr-act arena C) = length arena)

{proof)

definition mark-used where
(mark-used arena i =
arenali — STATUS-SHIFT := AStatus (zarena-status (arenal(i — STATUS-SHIFT))) True)

lemma length-mark-used[simp]: (dength (mark-used arena C) = length arena)

{proof)

lemma valid-arena-mark-used:
assumes C: «C €# dom-m N) and valid: <valid-arena arena N vdom)
shows
walid-arena (mark-used arena C) N vdom)

(proof)

definition mark-unused where
(mark-unused arena i =
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arenali — STATUS-SHIFT := AStatus (zarena-status (arenal(i — STATUS-SHIFT))) False]

lemma length-mark-unused[simp): (ength (mark-unused arena C) = length arena

{proof)

lemma valid-arena-mark-unused:
assumes C: «C €# dom-m N> and valid: <valid-arena arena N vdom)
shows
walid-arena (mark-unused arena C) N vdom)

(proof)

definition marked-as-used :: <arena = nat = bool> where
(marked-as-used arena C = zarena-used (arena ! (C — STATUS-SHIFT))

definition marked-as-used-pre where
(marked-as-used-pre = arena-is-valid-clause-idr)

lemma valid-arena-vdom-le:
assumes (valid-arena arena N ovdm)
shows (finite ovdm) and <card ovdm < length arena)

(proof)

lemma valid-arena-vdom-subset:
assumes (valid-arena arena N (set vdom)y and <distinct vdom)
shows ength vdom < length arena)

(proof)

lemma valid-arena-arena-incr-act:
assumes C: <C €# dom-m N) and valid: <valid-arena arena N vdom)
shows
walid-arena (arena-incr-act arena C) N vdom)

(proof)

lemma valid-arena-arena-decr-act:
assumes C: «C €# dom-m N) and valid: <valid-arena arena N vdom)
shows
walid-arena (arena-decr-act arena C) N vdom)

(proof)

lemma length-arena-incr-act][simpl:
dength (arena-incr-act arena C) = length arena)

{proof)

2.4 MOP versions of operations

2.4.1 Access to literals

definition mop-arena-lit where
(mop-arena-lit arena s = do {
ASSERT (arena-lit-pre arena s);
RETURN (arena-lit arena s)

b
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lemma arena-lit-pre-le-lengthD: <arena-lit-pre arena C = C < length arena
(proof)

definition mop-arena-lit2 :: (arena = nat = nat = nat literal nres) where
(mop-arena-lit2 arena i j = do {

ASSERT (arena-lit-pre arena (i+5));

let s = i+7;

RETURN (arena-lit arena s)

b

named-theorems mop-arena-lit <Theorems on mop—forms of arena constants

lemma mop-arena-lit-itself:

(mop-arena-lit arena k' < SPEC( Ac. (¢, N o ilj) € Id) = mop-arena-lit arena k' < SPEC( Ac.
(¢, N o ilj) € Id)

(mop-arena-lit2 arena i’ k' < SPEC( Ac. (¢, N « ilj) € Id) = mop-arena-lit2 arena i’ k' < SPEC(
Ae. (e, N « ilj) € Id)

(proof)

lemma [mop-arena-lit]:
assumes valid: (valid-arena arena N vdom) and
i: (4 €# dom-m N»
shows
k = i+j = j < length (N o i) = mop-arena-lit arena k < SPEC( Ae. (¢, N o« ilj) € Id)
(i=i' = j=j' =>j < length (N « i) = mop-arena-lit2 arena i’ j' < SPEC( Xc. (¢, N « ilj) €
Id)
(proof)

lemma mop-arena-lit2[mop-arena-lit]:
assumes valid: (valid-arena arena N vdom) and
i: (C, C') € nat-rel) (i, i) € nat-rel)
shows
(mop-arena-lit2 arena C i < |Id (mop-clauses-at N C' i)

{proof)

definition mop-arena-lit2’ :: <nat set = arena = nat = nat = nat literal nres) where
(mop-arena-lit2’ vdom = mop-arena-lit2)

lemma mop-arena-lit2'[mop-arena-lit):
assumes valid: (valid-arena arena N vdom) and
i: (C, C) € nat-rel) (i, i) € nat-rel)
shows
(mop-arena-lit2’ vdom arena C i < |Id (mop-clauses-at N C' i’)

{proof)

lemma arena-lit-pre2-arena-lit[dest]:
arena-lit-pre2 N i j = arena-lit-pre N (i+j)

(proof)

2.4.2 Swapping of literals

definition mop-arena-swap where
(mop-arena-swap C i j arena = do {
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ASSERT (swap-lits-pre C i j arena);
RETURN (swap-lits C i j arena)

b

lemma mop-arena-swap|mop-arena-lit]:
assumes valid: (valid-arena arena N vdom) and
i: «(C, C") € nat-rel (i, i") € nat-rel (4, j') € nat-rel
shows
(mop-arena-swap C i j arena < Y{(N’, N). valid-arena N’ N vdom} (mop-clauses-swap N C’ i’ j')
(proof)

2.4.3 Position Saving

definition mop-arena-pos :: (arena = nat = nat nres) where
(mop-arena-pos arena C = do {

ASSERT (get-saved-pos-pre arena C);

RETURN (arena-pos arena C')

b

definition mop-arena-length :: (arena-el list = nat = nat nres) where
(mop-arena-length arena C = do {

ASSERT (arena-is-valid-clause-idx arena C);

RETURN (arena-length arena C')

b

2.4.4 Clause length

lemma mop-arena-length:
(uncurry mop-arena-length, uncurry (RETURN oo (AN c. length (N « ¢)))) €
[A(N, ©). © €# dom-m Ny {(N, N'). valid-arena N N' vdom} x ¢ nat-rel — (nat-rel)nres-rel
{proof)

definition mop-arena-lbd where

(mop-arena-lbd arena C = do {
ASSERT (get-clause-LBD-pre arena C);

RETURN (arena-lbd arena C)

b

definition mop-arena-status where

(mop-arena-status arena C = do {
ASSERT (arena-is-valid-clause-vdom arena C);

RETURN (arena-status arena C')

b

definition mop-marked-as-used where

(mop-marked-as-used arena C = do {
ASSERT (marked-as-used-pre arena C);

RETURN (marked-as-used arena C')

b

definition arena-other-watched :: (arena = nat literal = nat = nat = nat literal nres) where
(arena-other-watched S L C i = do {
ASSERT (i < 2 A arena-lit S (C + i) = L A arena-lit-pre2 S C i A
arena-lit-pre2 S C (1—1));
mop-arena-lit2 S C (1 — 1)

b
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end
theory WB-More-Word

imports HOL— Word. More-Word Isabelle-LLVM . Bits- Natural
begin

lemma nat-uint-XOR: (nat (uwint (a XOR b)) = nat (wint a) XOR nat (uint b))
if len: (LENGTH(('a) > 0
for a b :: (a ::len0 Word.word)

(proof)

lemma bitXOR-1-if-mod-2-int: bitOR L 1 = (if L mod 2 = 0 then L + 1 else L)) for L :: int
(proof)

lemma bitOR-1-if-mod-2-nat:
bitOR L 1 = (if L mod 2 = 0 then L + 1 else L)
(bitOR L (Suc 0) = (if L mod 2 = 0 then L + 1 else L)) for L :: nat

(proof)

lemma bin-pos-same-XORS3:
(a XOR a XOR ¢ = o
(a XOR ¢ XOR a = o for a c :: int

{proof)

lemma bin-pos-same-XORS3-nat:
(a XOR a XOR ¢c = ©
(a XOR ¢ XOR a = o for a c :: nat

{proof)

end
theory IsaSAT-Literals-LLVM

imports WB-More-Word IsaSAT-Literals Watched-Literals. WB-More-IICF-LLVM
begin

lemma inline-ho[llvm-inline]: doM { f « return f; m f } = m f for f :: - = - (proof)

lemma RETURN-comp-5-10-hnr-post[to-hnr-post]:
(RETURN 00000 f5)$a$b$c$d$e = RETURNS(f5%a$0$c$dSe)
(RETURN 000000 {6)$a$63c$3d$e$f = RETURNS(f63a30$c$dSesf)
(RETURN 0000000 [7)$a3b$c$d$e$f$g = RETURNS(f73a$0$c$d$e$f3g)
(RETURN 00000000 8)$3a$b$c$d$e3f$g8h = RETURNS(f8%3a$0$c$d$eSf$9%h)
(RETURN 000000000 {9)$a$b3c3d$e$f$g$h$i = RETURNS$(f9%a$0$c3d3e$f$g8n$0)
(RETURN 0000000000 f10)$a$b$c$d$e$f$g3h$i$j = RETURNS(f10$a3b3c$dSe$f$g8n$is))
(RETURN o011 f11)$a$0$c$d$e$f$93h$i$i$k = RETURNS(f113a$b$c$dSe$f$gSn$i$iSk)
(RETURN o012 12)$a$0$c$dSe$f$9$n$i$i$k$l = RETURNS(f12%a$0$c$3d$eSf$gShSi8i$k$1)
(RETURN o013 f13)$a$0$c$d$e$f$93n3i$i$k$i$m = RETURNS(f13$a$0$c$dSe$f$9$nSi$i$k$I$m)
(RETURN o014 f14)$a$0$c$d$e$f$93n$i$i$k$i$mSn = RETURNS$(f14$a30$c$d$e$f$g5n$i$i$kSI$mSn)
(proof)

definition [simp,llvm-inline]: case-prod-open = case-prod
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lemmas fold-case-prod-open = case-prod-open-def |[symmetric]

lemma case-prod-open-arity|sepref-monadify-arity:
case-prod-open = Aofp p. SP case-prod-open$(Maa b. fp$a$b)$p
(proof)

lemma case-prod-open-comb|sepref-monadify-combl:
N\Jp p. case-prod-open$fp$p = Refine-Basic.bind$(EVAL$p)$(Aap. (SP case-prod-open$fp$p))
(proof)

lemma case-prod-open-plain-comb|sepref-monadify-combl:
EVAL$(case-prod-open$(Aaa b. fp a b)$p) =
Refine-Basic.bind$(EVAL$p)$(Aap. case-prod-open$(Xea b. EVALS(fp a b))$p)
(proof)

lemma hn-case-prod-open’[sepref-comb-rules]:
assumes FR: ' b hn-ctat (prod-assn P1 P2) p' p #x 'l
assumes Pair: Nal a2 al’ a2’. [p'=(al’,a2")]
= hn-refine (hn-ctzt P1 al’ al ** hn-ctrt P2 a2’ a2 +x I'1) (f al a2)
(T2 al a2 al’ a2’) R (f' al’ a2’)
assumes FR2: Nal a2 al’ a2’. T2 al a2 al’ a2't hn-ctat P1' al’ al ** hn-ctat P2’ a2’ a2 *x T'1’
shows hn-refine T' (case-prod-open f p) (hn-ctxt (prod-assn P1’ P2') p’ p xx T'1’)
R (case-prod-open$(Aaa b. f' a b)$p’) (is ?GT)
(proof)
applyl (rule hn-refine-cons-pre[OF FR))
applyl (cases p; cases p'; simp add: prod-assn-pair-conv[ THEN prod-assn-ctzt])
(proof)
applyS (simp add: hn-ctzt-def)
applyS simp (proof)

lemma ho-prod-open-move[sepref-preproc|: case-prod-open (Aa b x. fx a b) = (Ap z. case-prod-open (f
z) p)
(proof)

definition tuple/ a b ¢ d = (a,b,c,d)

b )

definition tuple7 a b c d e f g = tuplej a b ¢ (tuplef d e f g)
definition tuple13abcdefghijklm= (tuple7abcdef (tuple?7ghijklm))

lemmas fold-tuples = tuple-def[symmetric] tuple7-def [symmetric] tuplel3-def[symmetric]
sepref-register tuple/ tuple7 tuplel3

sepref-def tuples-impl [llvm-inline] is uncurry3 (RETURN oooo tuple]) ::
A1% sy A29 x, A8% x, A4S —4 Al x4 A2 X, A3 x4 A4
(proof)

sepref-def tuple7-impl [llvm-inline] is uncurry6 (RETURN ooooooo tuple7) :

A1% 5y A2 5, AS% %y A4T g A5 xq A6 x4 AT =4 Al xoq A2 X4 A3 Xq A Xq A5 xq A6 X,
A7

(proof)

sepref-def tuple13-impl [llvm-inline] is uncurryl2 (RETURN o013 tuplel3) ::

A1 s, A2 %, A3 g A4 wg A5 g A6 %q AT %y A8Y %y A% 5y A10% %, A11% %, A12% %,
A13¢
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—a Al Xgq A2 X4 A8 Xq A4 Xg AS Xq A6 Xq AT Xoq A8 X4 A9 X4 A10 x4 A1l x, A12 x, A1S8
(proof)

lemmas fold-tuple-optimizations = fold-tuples fold-case-prod-open

lemma sint64-maz-refine[sepref-import-param]: (0x7FFFFFFFFFFFFFFF | sint64-maz)€snat-rel’ TYPE(64)
(proof)

lemma sint32-maz-refine[sepref-import-param]: (0x7FFFFFFF, sint32-maz)€snat-rel’ TYPE(32)
(proof)

lemma uint64-maz-refine|sepref-import-param): (0xFFFFFFFFFFFFFFFFE | uint64-maz)€unat-rel’ TYPE(64)
(proof)

lemma uint32-maz-refine|sepref-import-param]: (0xFFFFFFFF, wint32-maz)€unat-rel’ TYPE(32)
(proof)

lemma convert-fref:
WB-More-Refinement.fref = Sepref-Rules.frefnd
WB-More-Refinement.freft = Sepref-Rules.freftnd
(proof)

no-notation WB-More-Refinement.fref ([-]f - — - [0,60,60] 60)
no-notation WB-More-Refinement.freft (- —¢ - [60,60] 60)

abbreviation uint32-nat-assn = unat-assn’ TYPE(32)
abbreviation uint64-nat-assn = unat-assn’ TYPE(64)

abbreviation sint32-nat-assn = snat-assn’ TYPE(32)
abbreviation sint64-nat-assn = snat-assn’ TYPE(6/)

lemmas [sepref-bounds-simps] =
wint32-max-def sint32-maz-def
wint64-max-def sint64-maz-def

lemma is-up’-32-6/[simp,intro!]: is-up’ UCAST(82 — 64) (proof)
lemma is-down'-64-32[simp,intro!]: is-down’ UCAST (64 — 32) (proof)

lemma ins-idz-upcast6y:
l[iz=y] = op-list-set | (op-unat-snat-upcast TYPE(64) i) y
i = op-list-get | (op-unat-snat-upcast TYPE(64) 1)
(proof)
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type-synonym ‘a array-list32 = ('a,32)array-list
type-synonym ‘a array-list6) = ('a,64)array-list

abbreviation arl32-assn = al-assn’ TYPE(32)
abbreviation arl6/-assn = al-assn’ TYPE(64)

type-synonym ‘a larray32 = ('a,32) larray
type-synonym ’a larray64 = ('a,64) larray

abbreviation larray32-assn = larray-assn’ TYPE(32)
abbreviation larray6/-assn = larray-assn’ TYPE(64)

definition unat-lit-rel == unat-rel’ TYPE(32) O nat-lit-rel
lemmas [fcomp-norm-unfold] = unat-lit-rel-def[symmetric]

abbreviation unat-lit-assn :: (nat literal = 32 word = assn) where
(unat-lit-assn = pure unat-lit-rel

2.4.5 Atom-Of

type-synonym atom-assn = 32 word

definition atom-rel = b-rel (unat-rel’ TYPE(32)) (Ax. z<2731)
abbreviation atom-assn = pure atom-rel

lemma atom-rel-alt: atom-rel = unat-rel’ TYPE(32) O nbn-rel (2731)
{proof)

interpretation atom: dfit-pure-option-private 2°32—1 atom-assn ll-icmp-eq (2732—1)

(proof)

lemma atm-of-refine: (Az. x div 2 , atm-of) € nat-lit-rel — nat-rel
(proof)

sepref-def atm-of-impl is [| RETURN o (Az:nat. x div 2)
 wint32-nat-assn® —, atom-assn
{proof)

lemmas [sepref-fr-rules] = atm-of-impl.refine[ FCOMP atm-of-refine]
definition Pos-rel :: (nat = nat) where
[simp]: (Pos-rel n = 2 % n)

lemma Pos-refine-aux: (Pos-rel,Pos)enat-rel — nat-lit-rel
{proof)

lemma Neg-refine-auz: (Az. 2xx + 1,Neg)Enat-rel — nat-lit-rel

(proof)

sepref-def Pos-impl is [| RETURN o Pos-rel :: atom-assn® —, wint32-nat-assn
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{proof)

sepref-def Neg-impl is [| RETURN o (Az. 2xx+1) :: atom-assn® —, wint32-nat-assn
{proof)

lemmas [sepref-fr-rules] =
Pos-impl.refinel FCOMP Pos-refine-auz)
Neg-impl.refine[ FCOMP Neg-refine-auz)

d

sepref-def atom-eg-impl is uncurry (RETURN oo (=)) :: atom-assn® %, atom-assn® —, booll-assn

{proof)

definition value-of-atm :: (nat = nat) where
[simp]: walue-of-atm A = A

lemma value-of-atm-rel: «(\z. z, value-of-atm) € nat-rel — nat-reb

{proof)

sepref-def value-of-atm-impl
is [| (RETURN o (Az. z)
i catom-assn® —, unat-assn’ TYPE(32))

(proof)
lemmas [sepref-fr-rules] = value-of-atm-impl.refine[ FCOMP value-of-atm-rel]

definition indez-of-atm :: (nat = nat> where
[simp]: <index-of-atm A = value-of-atm A>

lemma index-of-atm-rel: (Az. value-of-atm z, indezx-of-atm) € nat-rel — nat-rel)

{proof)

sepref-def indezx-of-atm-impl
is [| (RETURN o (Az. value-of-atm x))
i catom-assn® —, snat-assn’ TYPE(64)

(proof)
lemmas [sepref-fr-rules] = indez-of-atm-impl.refine] FCOMP indez-of-atm-rel]

lemma annot-index-of-atm: «xs ! x = xs ! index-of-atm
s |z := a] = xs [index-of-atm x = a))
{proof)

definition indez-atm-of where
[simp]: (index-atm-of L = indezx-of-atm (atm-of L)

context fixes z y :: nat assumes NO-MATCH (indez-of-atm y) = begin
lemmas annot-indez-of-atm’ = annot-index-of-atm[where r=x]
end

method-setup annot-all-atm-idzs = (Scan.succeed (fn ctat => SIMPLE-METHOD'
let
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val ctxt = put-simpset HOL-basic-ss ctat
val ctat = ctzt addsimps Q{thms annot-indez-of-atm'}
val ctat = ctxt addsimprocs [Q{ simproc NO-MATCH })
m
simp-tac ctzt
end

)

lemma annot-index-atm-of [def-pat-rules|:
(nth$zs$(atm-of$z) = nthSzs$(index-atm-of$z)
dist-update$zs$(atm-of $z)$a = list-update$zs$(index-atm-of$z)$a
{proof)

sepref-def indezx-atm-of-impl
is (RETURN o index-atm-of)
i unat-lit-assn® —, snat-assn’ TYPE(64))
(proof)

lemma nat-of-lit-refine-aux: ((Az. ), nat-of-lit) € nat-lit-rel — nat-rel

(proof)

sepref-def nat-of-lit-rel-impl is [| RETURN o (Az::nat. z) :: uint32-nat-assn® —, sint6}-nat-assn

(proof)
lemmas [sepref-fr-rules] = nat-of-lit-rel-impl.refine[ FCOMP nat-of-lit-refine-aux)]

lemma uminus-refine-auz: (Azx. x XOR 1, uminus) € nat-lit-rel — nat-lit-rel

{proof)

sepref-def uminus-impl is [| RETURN o (Az:nat. x XOR 1) :: uwint32-nat-assn* —, wint32-nat-assn
{proof)

lemmas [sepref-fr-rules] = uminus-impl.refinel FCOMP uminus-refine-auz]

lemma lit-eg-refine-auz: ( (=), (=) ) € nat-lit-rel — nat-lit-rel — bool-rel

{proof)

k k

sepref-def lit-eq-impl is [| uncurry (RETURN oo (=)) :: uint32-nat-assn
booll-assn
(proof)

%, wint32-nat-assn” —,
lemmas [sepref-fr-rules] = lit-eq-impl.refine| FCOMP lit-eq-refine-auz]

lemma is-pos-refine-aux: (Ax. © AND 1 = 0, is-pos) € nat-lit-rel — bool-rel
(proof)

sepref-def is-pos-impl is [| RETURN o (A\z. x AND 1 = 0) :: wint32-nat-assn® —, booll-assn
{proof)

lemmas [sepref-fr-rules] = is-pos-impl.refine[ FCOMP is-pos-refine-auz]

end
theory IsaSAT-Arena-LLVM
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imports IsaSAT-Arena IsaSAT-Literals-LLVM
WB-More-Word
begin

2.5 Code Generation

no-notation WB-More-Refinement.fref ([-]; - — - [0,60,60] 60)
no-notation WB-More-Refinement.freft (- —y - [60,60] 60)

lemma protected-bind-assoc: Refine-Basic.bind$( Refine-Basic.bind$m$(Asz. fx))$(Aay. g y) = Refine-Basic.bind$m$(Aa:
Refine-Basic.bind$(f z)$(A2y. g y)) (proof)

lemma convert-swap: WB-More-Refinement-List.swap = More-List.swap

(proof)

Code Generation

definition arena-el-impl-rel = unat-rel’ TYPE(32) O arena-el-rel
lemmas [fcomp-norm-unfold] = arena-el-impl-rel-def[symmetric]
abbreviation arena-el-impl-assn = pure arena-el-impl-rel

Arena Element Operations context
notes [simp] = arena-el-rel-def
notes [split] = arena-el.splits
notes [intro!] = frefl

begin

Literal

lemma zarena-lit-refinel: (\eli. eli, zarena-lit) € [is-Lit]; arena-el-rel — nat-lit-rel (proof)
sepref-def rarena-lit-impl [[lvm-inline] is || RETURN o (\eli. eli) :: wint32-nat-assn® —, wint32-nat-assn
(proof)

lemmas [sepref-fr-rules] = zarena-lit-impl.refine[ FCOMP zarena-lit-refinel]

lemma ALit-refinel: (Ax. z,ALit) € nat-lit-rel — arena-el-rel (proof)

sepref-def ALit-impl [llum-inline] is [| RETURN o (\z. z) :: wint32-nat-assn® —, wint32-nat-assn
(proof)

lemmas [sepref-fr-rules] = ALit-impl.refinel FCOMP ALit-refinel ]

LBD

lemma zarena-lbd-refinel: (Aeli. eli, zarena-lbd) € [is-LBD]; arena-el-rel — nat-rel (proof)
sepref-def zarena-lbd-impl [llvm-inline] is [| RETURN o (\eli. eli) :: uint32-nat-assn® —, uint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = zarena-lbd-impl.refine FCOMP zarena-lbd-refinel ]

lemma ALBD-refinel: (Meli. eli, ALBD) € nat-rel — arena-el-rel {proof)
sepref-def rarena-ALBD-impl [llvm-inline] is [| RETURN o (\eli. eli) :: wint32-nat-assn® —, wint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = zarena-ALBD-impl.refinel FCOMP ALBD-refinel

Activity

lemma zarena-act-refinel: (\eli. eli, zarena-act) € [is-Act]y arena-el-rel — nat-rel (proof)
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sepref-def zarena-act-impl [llvm-inline] is [| RETURN o (Xeli. eli) :: wint32-nat-assn* —, wint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = zarena-act-impl.refine[ FCOMP xarena-act-refinel |

lemma AAct-refinel: (Ax. x,AActivity) € nat-rel — arena-el-rel (proof)
sepref-def AAct-impl [llvm-inline] is [| RETURN o (Av. ) :: uint32-nat-assn® —, uint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = AAct-impl.refine[ FCOMP AAct-refinel]

Size
lemma zarena-length-refinel: (Xeli. eli, zarena-length) € [is-Size]; arena-el-rel — nat-rel {proof)

sepref-def zarena-len-impl [llvm-inline] is [| RETURN o (Xeli. eli) :: wint32-nat-assn® —, uint32-nat-assn

(proof)

lemmas [sepref-fr-rules] = zarena-len-impl.refine FCOMP zarena-length-refinel ]

lemma ASize-refinel: (A\z. x,ASize) € nat-rel — arena-el-rel (proof)
sepref-def ASize-impl [llvm-inline] is | RETURN o (\z. x) :: uwint32-nat-assn® —, wint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = ASize-impl.refine[ FCOMP ASize-refinel

Position

lemma zarena-pos-refinel: (Xeli. eli, zarena-pos) € [is-Pos]y arena-el-rel — nat-rel (proof)
sepref-def zarena-pos-impl [llvm-inline] is [| RETURN o (Xeli. eli) :: wint32-nat-assn® —, uint32-nat-assn

(proof)

lemmas [sepref-fr-rules] = zarena-pos-impl.refine[ FCOMP xarena-pos-refinel]

lemma APos-refinel: (Az. x,APos) € nat-rel — arena-el-rel (proof)
sepref-def APos-impl [llvm-inline] is [| RETURN o (Az. z) :: uint32-nat-assn® —, wint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = APos-impl.refine]l FCOMP APos-refinel ]

Status

definition status-impl-rel = unat-rel’ TYPE(32) O status-rel
lemmas [fcomp-norm-unfold] = status-impl-rel-def[symmetric]
abbreviation status-impl-assn = pure status-impl-rel

lemma zarena-status-refinel: (\eli. eli AND 0b11, zarena-status) € [is-Status]; arena-el-rel — status-rel

(proof)
sepref-def zarena-status-impl [llvm-inline] is [| RETURN o (\eli. eli AND 0b11) :: wint32-nat-assn®

—rq uint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = zarena-status-impl.refinel FCOMP xarena-status-refinel ]

lemma zarena-used-refinel: (Xeli. eli AND 0b100 # 0, zarena-used) € [is-Status]y arena-el-rel —
bool-rel

{proof)

sepref-def rarena-used-impl [[lvm-inline] is || RETURN o (\eli. eli AND 0b100 # 0) :: wint32-nat-assn®
—q booll-assn

(proof)
lemmas [sepref-fr-rules] = zarena-used-impl.refine[ FCOMP zarena-used-refinel |

lemma status-eq-refinel: ((=),(=)) € status-rel — status-rel — bool-rel

{proof)
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sepref-def status-eq-impl [llvm-inline] is | uncurry (RETURN oo (=))
i (unat-assn’ TYPE(32))* %, (unat-assn’ TYPE(32))* —, booll-assn
{proof)

lemmas [sepref-fr-rules] = status-eq-impl.refine] FCOMP status-eg-refinel

definition AStatus-impll cs used = (cs AND unat-const TYPE(32) 0b11) + (if used then unat-const
TYPE(32) 0b100 else unat-const TYPE(32) 0b0)
lemma AStatus-refinel: (AStatus-impll, AStatus) € status-rel — bool-rel — arena-el-rel

(proof)
sepref-def AStatus-impl [llvm-inline] is || uncurry (RETURN oo AStatus-impll) :: uint32-nat-assn®
%, booll-assn® —, uint32-nat-assn

(proof)
lemmas [sepref-fr-rules] = AStatus-impl.refine[ FCOMP AStatus-refinel ]

Arena Operations

Length abbreviation arena-fast-assn = al-assn’ TYPE(64) arena-el-impl-assn

lemma arena-lengthl:
assumes arena-is-valid-clause-idx a b
shows Suc 0 < b
and b < length a
and is-Size (a ! (b — Suc 0))
(proof)

lemma arena-length-alt:
(arena-length arena i = (
let I = zarena-length (arena!(i — snat-const TYPE(64) 1))
in snat-const TYPE(64) 2 + op-unat-snat-upcast TYPE(64) 1)
(proof)

sepref-register arena-length
sepref-def arena-length-impl
is uncurry (RETURN oo arena-length)
i [uncurry arena-is-valid-clause-idz), arena-fast-assn® x, sint64-nat-assn® — snat-assn’ TYPE(64)
(proof)

Literal at given position lemma arena-lit-impll:
assumes arena-lit-pre a b
shows b < length a is-Lit (a ! b)

{proof)

sepref-register arena-lit xarena-lit
sepref-def arena-lit-impl
is uncurry (RETURN oo arena-lit)
i [uncurry arena-lit-pre], arena-fast-assn
(proof)

k%o sint64-nat-assn® — unat-lit-assn

sepref-register mop-arena-lit mop-arena-lit2
sepref-def mop-arena-lit-impl
is uncurry (mop-arena-lit)
it arena-fast-assn® x, sint64-nat-assn® —, unat-lit-assn
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{proof)

sepref-def mop-arena-lit2-impl
is uncurry?2 (mop-arena-lit2)
2 [M(N, -), -). length N < sint64-max), arena-fast-assn® *, sint6j-nat-assn® x, sint64-nat-assn
— unat-lit-assn

{proof)

k

Status of the clause lemma arena-status-impll:
assumes arena-is-valid-clause-vdom a b
shows 4 < b b — 4 < length a is-Status (a ! (b—4))
(proof)

sepref-register arena-status xarena-status
sepref-def arena-status-impl
is uncurry (RETURN oo arena-status)
i [uncurry arena-is-valid-clause-vdom], arena-fast-assn

(proof)

k x, sint64-nat-assn® — status-impl-assn

Swap literals sepref-register swap-lits
sepref-def swap-lits-impl is uncurryd (RETURN oooo swap-lits)

= [M((CLi),4),arena). C + i < length arena A C + j < length arena), sint64-nat-assn* *, sint64-nat-assn
*q sint64—nat—assnk *q arena—fast—assnd — arena-fast-assn

(proof)

k

Get LBD lemma get-clause-LBD-prel:
assumes get-clause-LBD-pre a b
shows 2 < b
and b < length a
and is-LBD (a! (b — 2))
(proof)

sepref-register arena-lbd
sepref-def arena-lbd-impl
is uncurry (RETURN oo arena-lbd)
i [uncurry get-clause-LBD-pre], arena-fast-assn

(proof)

k %o sint64-nat-assn® —uint32-nat-assn

Get Saved Position lemma arena-posi:
assumes get-saved-pos-pre a b
shows § < b
and b < length a
and is-Pos (a ! (b — 5))
(proof)

lemma arena-pos-alt:
(arena-pos arena { = (
let | = zarena-pos (arenal(i — snat-const TYPE(64) 5))
in snat-const TYPE(64) 2 + op-unat-snat-upcast TYPE(64) 1)

{proof)

sepref-register arena-pos
sepref-def arena-pos-impl
is uncurry (RETURN oo arena-pos)
it [uncurry get-saved-pos-prel, arena-fast-assn® *, sint64-nat-assn® — snat-assn’ TYPE(64)
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{proof)

Update LBD lemma update-lbdI:
assumes update-lbd-pre ((b, Ibd), a)

shows 2 < b
and b —2 < length a
(proof)

sepref-register update-lbd
sepref-def update-lbd-impl
is uncurry2 (RETURN ooo update-1bd)
:: [update-lbd-pre], sint64-nat-assn® *, wint32-nat-assn
(proof)

k d

%, arena-fast-assn® — arena-fast-assn

Update Saved Position lemma update-posI:
assumes isa-update-pos-pre ((b, pos), a)
shows 5 < b 2 < pos b—5 < length a
(proof)

lemma update-posI2:
assumes isa-update-pos-pre ((b, pos), a)

assumes rdomp (al-assn arena-el-impl-assn :: - = (32 word, 64) array-list = assn) a
shows pos — 2 < max-unat 32
(proof)

sepref-register arena-update-pos
sepref-def update-pos-impl
is uncurry2 (RETURN ooo arena-update-pos)
it [isa-update-pos-pre], sint64-nat-assn® *, sint64-nat-assn

{proof)

k d

*q arena-fast-assn® — arena-fast-assn

sepref-register I[RRED LEARNED DELETED
lemma IRRED-impl|sepref-import-param]: (0,IRRED) € status-impl-rel
(proof)

lemma LEARNED-impl[sepref-import-param]: (1, LEARNED) € status-impl-rel
(proof)

lemma DELETED-impl|sepref-import-param): (3, DELETED) € status-impl-rel
(proof)

lemma mark-garbagel:
assumes mark-garbage-pre (a, b)
shows 4 < b b—4 < length a

{proof)

sepref-register extra-information-mark-to-delete
sepref-def mark-garbage-impl is uncurry (RETURN oo extra-information-mark-to-delete)
i+ [mark-garbage-pre], arena-fast-assn® x, sint6}-nat-assn® — arena-fast-assn

{proof)

Activity lemma arena-act-impll:
assumes arena-act-pre a b
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shows 3 < b b — 3 < length a is-Act (a ! (b—3))
{proof)

sepref-register arena-act
sepref-def arena-act-impl
is uncurry (RETURN oo arena-act)
i [uncurry arena-act-pre], arena-fast-assn

<p.7’00f>

k%o sint64-nat-assn® — wint32-nat-assn

Increment Activity context begin
interpretation llvm-prim-arith-setup (proof)

sepref-register op-incr-mod32

lemma op-incr-mod32-hnr(sepref-fr-rules|:
(Az. ll-add z 1, RETURN o op-incr-mod32) € uint32-nat-assn* —, wint32-nat-assn
(proof)

end

sepref-register arena-incr-act
sepref-def arena-incr-act-impl is uncurry (RETURN oo arena-incr-act)
i [uncurry arena-act-pre], arena—fast—assnd *, sint64-nat-assn® — arena-fast-assn

{proof)

sepref-register arena-decr-act

sepref-def arena-decr-act-impl is uncurry (RETURN oo arena-decr-act)
i [uncurry arena-act-pre], arena—fast—assnd o sint64-nat-assn® — arena-fast-assn
(proof)

Mark used term mark-used

lemma arena-mark-used-impll:
assumes arena-act-pre a b
shows 4 < b b — 4 < length a is-Status (a ! (b—4))
(proof)

sepref-register mark-used

sepref-def mark-used-impl is uncurry (RETURN oo mark-used)
i [uncurry arena-act-pre], arena—fast—assnd ¥, sint64-nat-assn® — arena-fast-assn
(proof)

sepref-register mark-unused
sepref-def mark-unused-impl is uncurry (RETURN oo mark-unused)
i [uncurry arena-act-pre]q a?”ena—fast—assnd ¥, sint64-nat-assn® — arena-fast-assn

{proof)

Marked as used? lemma arena-marked-as-used-implI:
assumes marked-as-used-pre a b
shows 4 < b b — 4 < length a is-Status (a ! (b—4))
(proof)

sepref-register marked-as-used
sepref-def marked-as-used-impl
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is uncurry (RETURN oo marked-as-used)
i [uncurry marked-as-used-pre, arena-fast-assn

(proof)

sepref-register MAX-LENGTH-SHORT-CLAUSE
sepref-def MAX-LENGTH-SHORT-CLAUSE-impl is uncurry0 (RETURN MAX-LENGTH-SHORT-CLAUSE)
:: unit-assn® —, sint64-nat-assn

(proof)

k «, sint64-nat-assn® — booll-assn

definition arena-other-watched-as-swap :: (nat list = nat = nat = nat = nat nres) where
(arena-other-watched-as-swap S L C'i = do {
ASSERT (i < 2 A
C + i <length S A
C < length S A
(C + 1) < length S);
K < RETURN (5! C);
K’ + RETURN (S! (1 + O));
RETURN (L XOR K XOR K')

b

lemma arena-other-watched-as-swap-arena-other-watched:
assumes
N: (N, N') € (arena-el-rel)list-rel> and
L: (L, L) € nat-lit-rel) and
C: «(C, C') € nat-reh and
i (i, ') € nat-reb
shows
(arena-other-watched-as-swap N L C i < |nat-lit-rel
(arena-other-watched N' L' C' i)
(proof)

sepref-def arena-other-watched-as-swap-impl
is (uncurryd arena-other-watched-as-swap)
it ((al-assn’ (TYPE(64)) uint32-nat-assn)® %, wint32-nat-assn® x, sint64-nat-assn* *,
sint64-nat-assn® —, wint32-nat-assn

{proof)

lemma arena-other-watched-as-swap-arena-other-watched:
((arena-other-watched-as-swap, arena-other-watched) €
(arena-el-relylist-rel — nat-lit-rel — nat-rel — nat-rel —
(nat-lit-rel) nres-rel)

{proof)

lemma arena-fast-al-unat-assn:
(hr-comp (al-assn unat-assn) ({arena-el-rel)list-rel) = arena-fast-assn)
(proof)

lemmas [sepref-fr-rules] =
arena-other-watched-as-swap-impl.refine] FCOMP arena-other-watched-as-swap-arena-other-watched’,
unfolded arena-fast-al-unat-assn)

end

sepref-def mop-arena-length-impl
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is (uncurry mop-arena-length
i (arena-fast-assn® x, sint64-nat-assn® —, sint64-nat-assnm

(proof)

experiment begin

export-llvim
arena-length-impl
arena-lit-impl
arena-status-impl
swap-lits-impl
arena-lbd-impl
arena-pos-impl
update-lbd-impl
update-pos-impl
mark-garbage-impl
arena-act-impl
arena-incr-act-impl
arena-decr-act-impl
mark-used-impl
mark-unused-impl
marked-as-used-impl

MAX-LENGTH-SHORT-CLAUSE-impl
end
end
theory IsaSAT-Clauses

imports IsaSAT-Arena
begin
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Chapter 3

The memory representation:
Manipulation of all clauses

Representation of Clauses

named-theorems isasat-codegen (lemmas that should be unfolded to generate (efficient) code)
type-synonym clause-annot = (clause-status X nat X nat)

type-synonym clause-annots = (clause-annot list)

definition list-fmap-rel :: - = (arena X nat clauses-1) set> where
dist-fmap-rel vdom = {(arena, N). valid-arena arena N vdom}

lemma nth-clauses-I:
(uncurry2 (RETURN ooo (AN i j. arena-lit N (i+7))),
uncurry2 (RETURN ooo (AN ij. N < i!j)))
€ [A(N, 7), 7). ¢ €# dom-m N A j < length (N « )]y
list-fmap-rel vdom Xy nat-rel x; nat-rel — (Id)nres-reb
(proof)

abbreviation clauses-I-fmat where
(clauses-I-fmat = list-fmap-reD

type-synonym vdom = <nat set)

definition frap-ril :: (nat, 'a literal list x bool) fmap = nat = nat = 'a literal where
[simp]: (fmap-rlllij=1xi!}

definition fmap-rll-u :: (nat, 'a literal list x bool) fmap = nat = nat = ’'a literal where
[simp]: (fmap-rll-u = fmap-rlD

definition fmap-ril-u64 :: (nat, 'a literal list x bool) fmap = nat = nat = 'a literal where
[simp]: (fmap-rll-u6f = fmap-riD
definition fmap-length-rll-u :: (nat, ‘a literal list x bool) fmap = nat = nat where

(fmap-length-ril-u | i = length-uint32-nat (I x i)

declare frmap-length-rll-u-def[symmetric, isasat-codegen)
definition fmap-length-rll-u64 :: (nat, 'a literal list x bool) fmap = nat = nat where

47



(fmap-length-rll-u64 | i = length-uint32-nat (I < )
declare fmap-length-rll-u-def[symmetric, isasat-codegen]

definition fmap-length-ril :: (nat, 'a literal list X bool) fmap = nat = nat where
[simp]: (fmap-length-ril 1 i = length (I x i)

definition fmap-swap-ll where
[simp]: (fmap-swap-ll N ijf = (N(i — swap (N x i) jf))

From a performance point of view, appending several time a single element is less efficient than
reserving a space that is large enough directly. However, in this case the list of clauses N is so
large that there should not be any difference

definition fm-add-new where
(fm-add-new b C NO = do {
let st = (if b then AStatus IRRED Fulse else AStatus LEARNED False);
let | = length NO;
let s = length C — 2;
let N = (if is-short-clause C then
(((N0 @ [st]) Q [AActivity 0]) @ [ALBD s]) @Q [ASize ]
else ((((NO @ [APos 0]) @ [st]) @ [AActivity 0]) @ [ALBD s]) @ [ASize (s)]);
i, N) + WHILEy A(i, N). i < length C — length N < header-size C + length NO + length C
(A\(i, N). i < length C)
(A(#, N). do {
ASSERT(Z < length C);
RETURN (i+1, N @ [ALit (C ! 7))
)
(0, N);
RETURN (N, l + header-size C)
b

lemma header-size-Suc-def:

(header-size C' =
(if is-short-clause C then Suc (Suc (Suc (Suc 0))) else Suc (Suc (Suc (Suc (Suc 0)))))

(proof)

(i

lemma nth-append-clause:
(a < length C = append-clause b C N ! (length N + header-size C + a) = ALit (C ! a)

{proof)

lemma fm-add-new-append-clause:
(fm-add-new b C N < RETURN (append-clause b C N, length N + header-size C))

(proof )
definition fm-add-new-at-position

2 (bool = nat = "v clause-l = v clauses-l = v clauses-D
where

(fm-add-new-at-position b i C N = fmupd i (C, b) N»

definition AStatus-IRRED where
(AStatus-IRRED = AStatus IRRED Fualse

definition AStatus-IRRED2 where

48



(AStatus-IRRED?2 = AStatus IRRED True»

definition AStatus-LEARNED where
(AStatus-LEARNED = AStatus LEARNED True)

definition AStatus-LEARNED?2 where
(AStatus-LEARNED2 = AStatus LEARNED Fualse)

definition (in —)fm-add-new-fast where
[simp]: (fm-add-new-fast = fm-add-new

lemma (in —)append-and-length-code-fast:

dength ba < Suc (Suc wint32-maz) =
2 < length ba —
length b < wint64-mazr — (wint32-max + 5) =
(aa, header-size ba) € wint64-nat-rel =
(ab, length b) € uint64-nat-rel —
length b + header-size ba < uint64-mazx

(proof)

definition (in —)four-uint6/-nat where
[simp]: (four-uint64-nat = (4 :: nat)

definition (in —)five-uint64-nat where
[simp)]: <five-uint64-nat = (5 :: nat)

definition append-and-length-fast-code-pre where
(append-and-length-fast-code-pre = \((b, C), N). length C < wint32-maz+2 A length C > 2 A
length N + length C' 4+ 5 < sint64-max

lemma fm-add-new-alt-def:
(fm-add-new b C NO = do {
let st = (if b then AStatus-IRRED else AStatus-LEARNED2);
let | = length NO;
let s = length C' — 2;
let N =
(if is-short-clause C
then (((NO Q [st]) Q [AActivity 0]) @ [ALBD s]) Q
[ASize s]
else ((((NO @Q [APos 0]) Q [st]) @
[AActivity 0]) @
[ALBD s]) @
[ASize s]);
(i, N) «
WHILE A(i, N). i < length C — length N < header-size C + length NO + length C
(A(i, N). i < length C)
(A(Z, N). do {
- < ASSERT (i < length C);
RETURN (¢ + 1, N @Q [ALit (C ! 1)])
1)
(0, N);
RETURN (N, | + header-size C)
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I
(proof)

definition fmap-swap-ll-u64 where
[simp]: (fmap-swap-ll-u6) = fmap-swap-1D

definition fm-muv-clause-to-new-arena where
(fm-mu-clause-to-new-arena C old-arena new-arenal = do {
ASSERT (arena-is-valid-clause-idx old-arena C);
ASSERT(C > (if (arena-length old-arena C) < 4 then 4 else 5));
let st = C' — (if (arena-length old-arena C) < 4 then 4 else 5);
ASSERT(C + (arena-length old-arena C) < length old-arena);
let en = C + (arena-length old-arena C);
(i, new-arena) <
WHILE A(i, new-arena). i < en — length new-arena < length new-arena0 + (arena-length old-arena C) + (if (arena-l
(A(4, new-arena). i < en)
(A(Z, new-arena). do {
ASSERT (i < length old-arena A i < en);
RETURN (i + 1, new-arena Q [old-arena ! i])
)
(st, new-arena0);
RETURN (new-arena)

b

lemma valid-arena-append-clause-slice:

assumes
(walid-arena old-arena N vd) and
walid-arena new-arena N’ vd" and
(C €# dom-m N)

shows (valid-arena (new-arena Q clause-slice old-arena N C')
(fmupd (length new-arena + header-size (N < C)) (N « C, irred N C') N')
(insert (length new-arena + header-size (N x C)) vd’)

(proof)

lemma fm-muv-clause-to-new-arena:
assumes (valid-arena old-arena N vd) and
walid-arena new-arena N' vd) and
(C €4 dom-m N)
shows (fm-muv-clause-to-new-arena C old-arena new-arena <
SPEC (Anew-arena’.
new-arena’ = new-arena Q clause-slice old-arena N C N
valid-arena (new-arena Q clause-slice old-arena N C')
(fmupd (length new-arena + header-size (N « C)) (N < C, irred N C') N’)
(insert (length new-arena + header-size (N o C)) vd"))

(proof)

lemma size-learned-clss-dom-m: (size (learned-clss-l N) < size (dom-m N)»

{proof)

lemma valid-arena-ge-length-clauses:
assumes (valid-arena arena N vdom)
shows dength arena > (> C €# dom-m N. length (N o« C) + header-size (N < C))

(proof)

lemma valid-arena-size-dom-m-le-arena: (valid-arena arena N vdom = size (dom-m N) < length
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arena)
{proof)

end
theory IsaSAT-Clauses-LLVM

imports IsaSAT-Clauses IsaSAT-Arena-LLVM
begin

sepref-register is-short-clause header-size fm-add-new-fast fm-muv-clause-to-new-arena

abbreviation clause-ll-assn :: (nat clause-l = - = assn) where
(clause-ll-assn = larray64-assn unat-lit-assn)

sepref-def is-short-clause-code
is (RETURN o is-short-clause
¢ clause-ll-assn® —, booll-assn

{proof)

sepref-def header-size-code
is (RETURN o header-size)
it (clause-ll-assn® —, sint64-nat-assn)

{proof)

lemma header-size-bound: header-size x < & (proof)

lemma fm-add-new-bounds1: |
length a2’ < header-size baa + length b + length baa;
length b + length baa + 5 < sint64-maz |
= Suc (length a2') < maz-snat 64

length b + length baa + 5 < sint64-maxr = length b + header-size baa < max-snat 64
(proof)

sepref-def append-and-length-fast-code
is (wuncurry2 fm-add-new-fast)
i (append-and-length-fast-code-pre],
booll-assn® x, clause-ll-assn® x, (arena-fast-assn)
arena-fast-assn X, sint64-nat-assn)

(proof)

d

sepref-def fm-muv-clause-to-new-arena-fast-code
is (wncurry2 fm-mv-clause-to-new-arena
= ([A((n, arena,), arena). length arena, < sint64-maz A length arena + arena-length arena, n +
(if arena-length arena, n < 4 then 4 else 5) < sint64-max],
sint6‘4—nat—a55nk *q a?"ena—fast—assn’c *q arena—fast—assnd — arena-fast-assn)

{proof)

experiment begin

export-llvim
is-short-clause-code
header-size-code
append-and-length-fast-code
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fm-mu-clause-to-new-arena-fast-code
end

end
theory IsaSAT-Trail
imports IsaSAT-Literals

begin
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Chapter 4

Efficient Trail

Our trail contains several additional information compared to the simple trail:

e the (reversed) trail in an array (i.e., the trail in the same order as presented in “Automated
Reasoning”);

e the mapping from any literal (and not an atom) to its polarity;
e the mapping from a atom to its level or reason (in two different arrays);
e the current level of the state;

e the control stack.

We copied the idea from the mapping from a literals to it polarity instead of an atom to its
polarity from a comment by Armin Biere in CaDiCal. We only observed a (at best) faint
performance increase, but as it seemed slightly faster and does not increase the length of the
formalisation, we kept it.

The control stack is the latest addition: it contains the positions of the decisions in the trail. It
is mostly to enable fast restarts (since it allows to directly iterate over all decision of the trail),
but might also slightly speed up backjumping (since we know how far we are going back in the
trail). Remark that the control stack contains is not updated during the backjumping, but only
after doing it (as we keep only the the beginning of it).

4.1 Polarities

type-synonym tri-bool = (bool option)

definition UNSET :: «tri-booly where
[simp]: <UNSET = None

definition SET-FALSE :: (tri-bool) where
[simp]: (SET-FALSE = Some Fualse)

definition SET-TRUF :: <tri-bool) where
[simp]: (SET-TRUE = Some True)

definition (in —) tri-bool-eq :: <tri-bool = tri-bool = booly where
(tri-bool-eq = (=)
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4.2 Types

type-synonym trail-pol =
(nat literal list x tri-bool list x nat list x nat list X nat x nat list)

definition get-level-atm where
(get-level-atm M L = get-level M (Pos L))

definition polarity-atm where
(polarity-atm M L =
(if Pos L € lits-of-1 M then SET-TRUE
else if Neg L € lits-of-l M then SET-FALSE
else None))

definition defined-atm :: (v, nat) ann-lits = 'v = bool) where
(defined-atm M L = defined-lit M (Pos L))

abbreviation undefined-atm where
undefined-atm M L = —defined-atm M L

4.3 Control Stack

inductive control-stack where
empty:
(control-stack || [] |
CONS-Prop:
(control-stack c¢s M = control-stack cs (Propagated L C # M)) |
cons-dec:
(control-stack cs M = n = length M = control-stack (cs @ [n]) (Decided L # M)

inductive-cases control-stackE: (control-stack cs M)

lemma control-stack-length-count-dec:
(control-stack cs M = length cs = count-decided M)

{proof)

lemma control-stack-le-length-M:
(control-stack cs M = c€set cs = ¢ < length M)

{proof)

lemma control-stack-propa[simp):
(control-stack cs (Propagated x21 x22 # list) «— control-stack cs list)

{proof)

lemma control-stack-filter-map-nth:
(control-stack cs M = filter is-decided (rev M) = map (nth (rev M)) cs

(proof)

lemma control-stack-empty-cs[simp]: <control-stack [] M <— count-decided M = 0)

{proof)

This is an other possible definition. It is not inductive, which makes it easier to reason about
appending (or removing) some literals from the trail. It is however much less clear if the
definition is correct.

definition control-stack’ where
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(control-stack’ cs M «—
(length cs = count-decided M A
(V Leset M. is-decided L — (cs ! (get-level M (lit-of L) — 1) < length M A
rev M!(cs ! (get-level M (lit-of L) — 1)) = L))

lemma control-stack-rev-get-lev:
(control-stack cs M —
no-dup M — Leset M = is-decided L = rev M!(cs | (get-level M (lit-of L) — 1)) = I»

(proof)

lemma control-stack-alt-def-imp:
mo-dup M = (A\L. L €set M = is-decided L = cs ! (get-level M (lit-of L) — 1) < length M A
rev M!(cs ! (get-level M (lit-of L) — 1)) = L) =
length c¢s = count-decided M —>
control-stack cs M)

(proof)

lemma control-stack-alt-def: (no-dup M = control-stack’ cs M <— control-stack cs M>

(proof)

lemma control-stack-decomp:
assumes
decomp: (Decided L # M1, M2) € set (get-all-ann-decomposition M)) and
cs: <control-stack cs M> and

n-d: (no-dup M)
shows (control-stack (take (count-decided M1) cs) M1
(proof)

4.4 Encoding of the reasons

definition DECISION-REASON :: nat where
(DECISION-REASON = 1

definition ann-lits-split-reasons where
cann-lits-split-reasons A = {((M, reasons), M'). M = map lit-of (rev M') A
(VL € set M'. is-proped L —
reasons | (atm-of (lit-of L)) = mark-of L N mark-of L # DECISION-REASON) A
(VL € set M'. is-decided L — reasons ! (atm-of (lit-of L)) = DECISION-REASON) A
(VL €# Ly A. atm-of L < length reasons)

b

definition trail-pol :: (nat multiset = (trail-pol X (nat, nat) ann-lits) set) where
(trail-pol A =
{((M’, zs, lls, reasons, k, cs), M). (M’, reasons), M) € ann-lits-split-reasons A A
no-dup M A
(VL €# Lq A. nat-of-lit L < length xs A xs | (nat-of-lit L) = polarity M L) A
(VL €# Lay A. atm-of L < length lls A lls ! (atm-of L) = get-level M L) A
k = count-decided M A
(V Leset M. lit-of L €# Loy A) A
control-stack cs M A
isasat-input-bounded A}

4.5 Definition of the full trail
lemma trail-pol-alt-def:
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trail-pol A = {((M’, zs, lls, reasons, k, cs), M).
((M', reasons), M) € ann-lits-split-reasons A A
no-dup M A
(VL €# Lay A. nat-of-lit L < length xs A\ xs ! (nat-of-lit L) = polarity M L) A
(VL €# Lay A. atm-of L < length lvls A lls ! (atm-of L) = get-level M L) A
k = count-decided M N
(V Leset M. lit-of L €# La A) A
control-stack cs M A literals-are-in-L;,,-trail A M N
length M < wint32-mazx A
length M < wint32-maz div 2 + 1 A
count-decided M < wint32-max N
length M’ = length M A
M’ = map lit-of (rev M) A
isasat-input-bounded A

b

(proof)

4.6 Code generation

4.6.1 Conversion between incomplete and complete mode

definition trail-fast-of-slow :: «(nat, nat) ann-lits = (nat, nat) ann-lits) where
(trail-fast-of-slow = id

definition trail-pol-slow-of-fast :: trail-pol = trail-pol> where
(trail-pol-slow-of-fast =
(MM, val, Wls, reason, k, cs). (M, val, lls, reason, k, ¢s))

definition trail-slow-of-fast :: ((nat, nat) ann-lits = (nat, nat) ann-lits) where
(trail-slow-of-fast = id)

definition trail-pol-fast-of-slow :: (trail-pol = trail-pol) where
(trail-pol-fast-of-slow =
(MM, val, Wls, reason, k, cs). (M, val, lls, reason, k, cs))

lemma trail-pol-slow-of-fast-alt-def:
(trail-pol-slow-of-fast M = M)
(proof)

lemma trail-pol-fast-of-slow-trail-fast-of-slow:
((RETURN o trail-pol-fast-of-slow, RETURN o trail-fast-of-slow)
€ [AM. (VC L. Propagated L C € set M — C < uint64-maz)]s
trail-pol A — (trail-pol A) nres-rel)
(proof)

lemma trail-pol-slow-of-fast-trail-slow-of-fast:
((RETURN o trail-pol-slow-of-fast, RETURN o trail-slow-of-fast)
€ trail-pol A —; (trail-pol A) nres-rel)
(proof)

lemma trail-pol-same-length[simpl: (M’, M) € trail-pol A = length (fst M') = length M>
(proof)

definition counts-mazrimum-level where
(counts-mazimum-level M C = {i. C # None — i = card-maz-lvl M (the C)}
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lemma counts-mazimum-level-None[simp]: (counts-maximum-level M None = Collect (A-. True)

(proof)

4.6.2 Level of a literal

definition get-level-atm-pol-pre where
(get-level-atm-pol-pre = (N((M, zs, lvls, k), L). L < length lvls)

definition get-level-atm-pol :: <trail-pol = nat = nat) where
(get-level-atm-pol = (A(M, zs, lls, k) L. lls ! L)

lemma get-level-atm-pol-pre:
assumes
(Pos L €3 L4 A and
(M'; M) € trail-pol A
shows (get-level-atm-pol-pre (M’, L)
(proof)

lemma (in —) get-level-get-level-atm: (get-level M L = get-level-atm M (atm-of L))
{proof)

definition get-level-pol where
(get-level-pol M L = get-level-atm-pol M (atm-of L))

definition get-level-pol-pre where
(get-level-pol-pre = (A((M, zs, lls, k), L). atm-of L < length lvls)

lemma get-level-pol-pre:
assumes
(L €4 Lo A and
(M'; M) € trail-pol A
shows (get-level-pol-pre (M, L)
(proof)

lemma get-level-get-level-pol:
assumes
(M', M) € trail-pol A and <L €# Ly A
shows <(get-level M L = get-level-pol M’ L

{proof)

4.6.3 Current level
definition (in —) count-decided-pol where

(count-decided-pol = (A(-, -, -, -, k, -). k)

lemma count-decided-trail-ref:
(RETURN o count-decided-pol, RETURN o count-decided) € trail-pol A —¢ (nat-rel)nres-rel)

(proof)

4.6.4 Polarity

definition (in —) polarity-pol :: <trail-pol = nat literal = bool option) where
(polarity-pol = (AN(M, zs, Wis, k) L. do {
xs ! (nat-of-lit L)
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definition polarity-pol-pre where
(polarity-pol-pre = (AN(M, zs, Wis, k) L. nat-of-lit L < length zs)

lemma polarity-pol-polarity:
(uncurry (RETURN oo polarity-pol), uncurry (RETURN oo polarity)) €
MM, L). L €# Lay Al trail-pol A x¢ Id — ((bool-rel) option-rel) nres-rel
(proof)

lemma polarity-pol-pre:
(M', M) € trail-pol A = L €# Lq1; A = polarity-pol-pre M’ L
(proof)

4.6.5 Length of the trail

definition (in —) isa-length-trail-pre where
(isa-length-trail-pre = (A (M, zs, lvls, reasons, k, cs). length M’ < wint32-mazx))

definition (in —) isa-length-trail where
tsa-length-trail = (N (M, zs, lls, reasons, k, cs). length-uint32-nat M)

lemma isa-length-trail-pre:
(M, M") € trail-pol A = isa-length-trail-pre M>
(proof)

lemma isa-length-trail-length-u:
(RETURN o isa-length-trail, RETURN o length-uint32-nat) € trail-pol A —; (nat-rel)nres-rel)
{proof)

4.6.6 Consing elements

definition cons-trail-Propagated-tr-pre where
(cons-trail-Propagated-tr-pre = (M(L, C), (M, xs, lvls, reasons, k)). nat-of-lit L < length xs A
nat-of-lit (—L) < length zs A atm-of L < length lvls N atm-of L < length reasons A length M <
wint32-max))

definition cons-trail-Propagated-tr :: (nat literal = nat = trail-pol = trail-pol nres) where
(cons-trail-Propagated-tr = (AL C (M’, xs, lls, reasons, k, ¢s). do {
ASSERT (cons-trail-Propagated-tr-pre ((L, C), (M’, zs, lvls, reasons, k, cs)));
RETURN (M'Q [L], let s = zs[nat-of-lit L := SET-TRUE] in zs[nat-of-lit (—L) := SET-FALSE],
Wislatm-of L := k], reasons[atm-of L:= CJ, k, ¢s)})

lemma in-list-pos-neg-notD: (Pos (atm-of (lit-of La)) ¢ lits-of-l bc =
Neg (atm-of (lit-of La)) ¢ lits-of-1 bc =
La € set bc = False)

{proof)

lemma cons-trail- Propagated-tr-pre:
assumes (M', M) € trail-pol A and
undefined-lit M L, and
(L e+ Lo A and
«(C' # DECISION-REASON)
shows (cons-trail-Propagated-tr-pre (L, C), M)
(proof)
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lemma cons-trail-Propagated-tr:
(uncurry2 (cons-trail-Propagated-tr), uncurry2 (cons-trail-propagate-l)) €
IA(L, C), M). L €# Loy A A C # DECISION-REASON];
Id x; nat-rel xy trail-pol A — (trail-pol A)nres-rel
(proof)

lemma cons-trail-Propagated-tr2:
«(((L, C), M), (L', C"), M) € Id xy Id x; trail-pol A = L €# L, A=
C # DECISION-REASON =
cons-trail-Propagated-tr L C M
< {M", M. (M, M"") € trail-pol AN M"" = Propagated L C # M’ A no-dup M'"})
(cons-trail-propagate-1 L' C' M),
(proof)

lemma undefined-lit-count-decided-uint32-max:
assumes
M-Lg1: ¥ Leset M. lit-of L €# L4 A and n-d: <no-dup M) and
(L €4 Lo A and «undefined-lit M Ly and
bounded: (isasat-input-bounded A
shows (Suc (count-decided M) < uint32-max)

(proof)

lemma length-trail-uint32-max:
assumes
M-Ly: VYV Leset M. lit-of L €# Lo A and n-d: (no-dup M) and
bounded: isasat-input-bounded A
shows dength M < uint32-max

(proof)

definition last-trail-pol-pre where
dast-trail-pol-pre = (MM, xs, lls, reasons, k). atm-of (last M) < length reasons A M # [])

definition (in —) last-trail-pol :: (trail-pol = (nat literal X nat option)) where
dast-trail-pol = (MM, zs, lvls, reasons, k).
let r = reasons | (atm-of (last M)) in
(last M, if r = DECISION-REASON then None else Some r))»

definition ti-trailt-tr :: (trail-pol = trail-pol) where
(tl-trailt-tr = (AM(M’, s, lls, reasons, k, cs).

let L = last M’ in

(butlast M,

let zs = zs[nat-of-lit L := None] in zs[nat-of-lit (—L) := None],

Wis[atm-of L := 0],

reasons, if reasons | atm-of L = DECISION-REASON then k—1 else k,
if reasons | atm-of L = DECISION-REASON then butlast cs else cs)))

definition tl-trailt-tr-pre where
tl-trailt-tr-pre = (AM(M, xs, lls, reason, k, cs). M # [| A nat-of-lit(last M) < length zs A
nat-of-lit(—last M) < length xs A atm-of (last M) < length lvls N
atm-of (last M) < length reason N
(reason ! atm-of (last M) = DECISION-REASON — k> 1 A cs # []))
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lemma ann-lits-split-reasons-map-lit-of
((M, reasons), M") € ann-lits-split-reasons A = M = map lit-of (rev M')

{proof)

lemma control-stack-dec-butlast:
control-stack b (Decided 1 # M's) = control-stack (butlast b) M's

(proof)

lemma ¢l-trail-tr:
((RETURN o tl-trailt-tr), (RETURN o tl)) €
[AM. M # []]f trail-pol A — (trail-pol A)nres-rel
(proof)

lemma tl-trailt-tr-pre:
assumes (M # [
(M'; M) € trail-pol A
shows <tl-trailt-tr-pre M"
(proof)

definition tl-trail-propedt-tr :: (trail-pol = trail-pol) where
(tl-trail-propedt-tr = (A(M', zs, lvls, reasons, k, cs).
let L = last M' in
(butlast M,
let zs = zs[nat-of-lit L := None] in zs[nat-of-lit (—L) := None],
Wis[atm-of L := 0],
reasons, k, cs))

definition tl-trail-propedt-tr-pre where
(tl-trail-propedt-tr-pre =
(MM, zs, Wls, reason, k, cs). M # [| A nat-of-lit(last M) < length xzs A
nat-of-lit(—last M) < length xs A atm-of (last M) < length lvls N
atm-of (last M) < length reason)

lemma tl-trail-propedt-tr-pre:
assumes (M’, M) € trail-pol A and

O £ [)
shows (tl-trail-propedt-tr-pre M

{proof)

definition (in —) lit-of-hd-trail where
dit-of-hd-trail M = lit-of (hd M)

definition (in —) lit-of-last-trail-pol where
dit-of-last-trail-pol = (A(M, -). last M)

lemma [it-of-last-trail-pol-lit-of-last-trail:
(RETURN o lit-of-last-trail-pol, RETURN o lit-of-hd-trail) €
[AS. S # [|]f trail-pol A — (Id)nres-rel
(proof)

4.6.7 Setting a new literal

definition cons-trail-Decided :: (nat literal = (nat, nat) ann-lits = (nat, nat) ann-litsy where
(cons-trail-Decided L M' = Decided L # M"
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definition cons-trail-Decided-tr :: <nat literal = trail-pol = trail-pol) where
(cons-trail-Decided-tr = (AL (M, zs, lvls, reasons, k, cs). do{
let n = length M' in
(M’ @ [L], let xs = xs[nat-of-lit L := SET-TRUE] in zs[nat-of-lit (—L) := SET-FALSE],
Wislatm-of L := k+1], reasons[atm-of L := DECISION-REASON], k+1, ¢s @Q [n])})»

definition cons-trail-Decided-tr-pre where
(cons-trail-Decided-tr-pre =
(ML, (M, zs, lvls, reason, k, cs)). nat-of-lit L < length xs A nat-of-lit (—L) < length zs A
atm-of L < length lls N\ atm-of L < length reason A length cs < uint32-max A
Suc k < wint32-max A length M < wint32-max))

lemma length-cons-trail-Decided[simp]:
dength (cons-trail-Decided L M) = Suc (length M))

{proof)

lemma cons-trail-Decided-tr:
(uncurry (RETURN oo cons-trail-Decided-tr), uncurry (RETURN oo cons-trail-Decided)) €
ML, M). undefined-lit M L N L €# Lqu Aly Id X trail-pol A — (trail-pol A)nres-rel
(proof)

lemma cons-trail-Decided-tr-pre:
assumes (M’, M) € trail-pol A> and
(L €# Lo A and undefined-lit M L»
shows (cons-trail-Decided-tr-pre (L, M)
(proof)

4.6.8 Polarity: Defined or Undefined

definition (in —) defined-atm-pol-pre where
(defined-atm-pol-pre = (AN(M, xs, Wls, k) L. 2xL < length xs N
2xL < wint32-maz)

definition (in —) defined-atm-pol where
defined-atm-pol = (AN(M, xs, lls, k) L. —((xs!(2+L)) = None))

lemma undefined-atm-code:
(uncurry (RETURN oo defined-atm-pol), uncurry (RETURN oo defined-atm)) €
MM, L). Pos L €# Lqu Alf trail-pol A x, Id — (bool-rel) nres-rel> (is ?A) and
defined-atm-pol-pre:
(M', M) € trail-pol A = L e# A = defined-atm-pol-pre M' L)
(proof)

4.6.9 Reasons

definition get-propagation-reason-pol :: (trail-pol = nat literal = nat option nres) where
(get-propagation-reason-pol = (A(-, -, -, reasons, -) L. do {
ASSERT (atm-of L < length reasons);
let 1 = reasons ! atm-of L;

RETURN (if r = DECISION-REASON then None else Some r)})

lemma get-propagation-reason-pol:
((uncurry get-propagation-reason-pol, uncurry get-propagation-reason) €
[AN(M, L). L € lits-of-1 M|y trail-pol A x, Id — ({nat-rel)option-rel) nres-rel)
(proof)
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definition get-propagation-reason-raw-pol :: (trail-pol = nat literal = nat nres) where
(get-propagation-reason-raw-pol = (A(-, -, -, reasons, -) L. do {
ASSERT (atm-of L < length reasons);
let r = reasons ! atm-of L;
RETURN r})

The version get-propagation-reason can return the reason, but does not have to: it can be more
suitable for specification (like for the conflict minimisation, where finding the reason is not
mandatory).

The following version always returns the reasons if there is one. Remark that both functions
are linked to the same code (but get-propagation-reason can be called first with some additional
filtering later).

definition (in —) get-the-propagation-reason
= «("v, 'mark) ann-lits = v literal = 'mark option nres)
where
(get-the-propagation-reason M L = SPEC(AC.
(C # None <— Propagated L (the C) € set M) A
(C = None <— Decided L € set M V' L ¢ lits-of-1 M))»

lemma no-dup-Decided-PropedD:
(no-dup ad = Decided L € set ad = Propagated L C' € set ad = False)

(proof)

definition get-the-propagation-reason-pol :: <trail-pol = nat literal = nat option nres) where
(get-the-propagation-reason-pol = (A(-, zs, -, reasons, -) L. do {
ASSERT (atm-of L < length reasons);
ASSERT (nat-of-lit L < length xs);
let 1 = reasons ! atm-of L;

RETURN (if zs ! nat-of-lit L = SET-TRUE A r # DECISION-REASON then Some r else None)})

lemma get-the-propagation-reason-pol:
(uncurry get-the-propagation-reason-pol, uncurry get-the-propagation-reason) €
MM, L). L e# Lou Aly trail-pol A x, Id — ({nat-rel)option-rel) nres-rel)
(proof)

4.7 Direct access to elements in the trail

definition (in —) rev-trail-nth where
trev-trail-nth M i = lit-of (rev M ! i)

definition (in —) isa-trail-nth :: trail-pol = nat = nat literal nres) where
usa-trail-nth = (MM, -) i. do {
ASSERT (i < length M);
RETURN (M ! )
ol

lemma isa-trail-nth-rev-trail-nth:
(uncurry isa-trail-nth, uncurry (RETURN oo rev-trail-nth)) €
[AN(M, 9). © < length M| trail-pol A x, nat-rel — (Id)nres-rel)
(proof)

We here define a variant of the trail representation, where the the control stack is out of sync of
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the trail (i.e., there are some leftovers at the end). This might make backtracking a little faster.

definition trail-pol-no-CS :: (nat multiset = (trail-pol x (nat, nat) ann-lits) set)
where
(trail-pol-no-CS A =
{((M’, s, Wls, reasons, k, cs), M). (M', reasons), M) € ann-lits-split-reasons A A
no-dup M A
(VL €# Loy A. nat-of-lit L < length zs A\ xs ! (nat-of-lit L) = polarity M L) A
(VL €# Loy A. atm-of L < length lvls A lvls ! (atm-of L) = get-level M L) A
(V Leset M. lit-of L €# Lo A) A
isasat-input-bounded A A
control-stack (take (count-decided M) cs) M

b

definition tl-trailt-tr-no-CS :: (trail-pol = trail-pol) where
(tl-trailt-tr-no-CS = (A(M', xs, lvls, reasons, k, cs).
let L = last M in
(butlast M,
let xs = zs[nat-of-lit L := None] in xs[nat-of-lit (—L) := None],
Wis[atm-of L := 0],
reasons, k, cs))

definition tl-trailt-tr-no-CS-pre where
(t-trailt-tr-no-CS-pre = (A(M, zs, lls, reason, k, cs). M # [| A nat-of-lit(last M) < length xs A
nat-of-lit(—last M) < length xs A atm-of (last M) < length lvls N
atm-of (last M) < length reason)

lemma control-stack-take-Suc-count-dec-unstack:
control-stack (take (Suc (count-decided M's)) cs) (Decided x1 # M's) =
control-stack (take (count-decided M's) cs) M's

{proof)

lemma tl-trailt-tr-no-CS-pre:
assumes (M', M) € trail-pol-no-CS A and (M # [
shows <tl-trailt-tr-no-CS-pre M"

(proof)

lemma tl-trail-tr-no-CS:
((RETURN o tl-trailt-tr-no-CS), (RETURN o tl)) €
[AM. M # []]y trail-pol-no-CS A — (trail-pol-no-CS A)nres-reb
(proof)

definition trail-conv-to-no-CS :: (nat, nat) ann-lits = (nat, nat) ann-litss where
(tragl-conv-to-no-CS M = M)

definition trail-pol-conv-to-no-CS :: <trail-pol = trail-pol) where
(trail-pol-conv-to-no-CS M = M)

lemma id-trail-conv-to-no-CS:
(RETURN o trail-pol-conv-to-no-CS, RETURN o trail-conv-to-no-CS) € trail-pol A — (trail-pol-no-CS
Aynres-rel

{proof)

definition trail-conv-back :: (nat = (nat, nat) ann-lits = (nat, nat) ann-lits> where
(trail-conv-back j M = M)
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definition (in —) trail-conv-back-imp :: <nat = trail-pol = trail-pol nres) where
(trail-conv-back-imp j = (AM(M, xs, lvls, reason, -, cs). do {
ASSERT (j < length ¢s); RETURN (M, zs, lls, reason, j, take (j) ¢s)})

lemma trail-conv-back:
(uncurry trail-conv-back-imp, uncurry (RETURN oo trail-conv-back))
€ [A(k, M). k = count-decided M|y nat-rel x trail-pol-no-CS A — (trail-pol A)nres-rel)
{proof)

definition (in —)take-arl where
(take-arl = (Ai (zs, 7). (zs, 7))

lemma isa-trail-nth-rev-trail-nth-no-CS:
(uncurry isa-trail-nth, uncurry (RETURN oo rev-trail-nth)) €
[A(M, ©). ¢ < length M| trail-pol-no-CS A x, nat-rel — (Id)nres-rel
(proof)

lemma trail-pol-no-CS-alt-def:
(trail-pol-no-CS A =
{((M'] zs, lls, reasons, k, cs), M). (M’, reasons), M) € ann-lits-split-reasons A A
no-dup M A
(VL €# Lo A. nat-of-lit L < length xs A xs ! (nat-of-lit L) = polarity M L) A
(VL €# La A. atm-of L < length lvls A lls ! (atm-of L) = get-level M L) A
(VLeset M. lit-of L €# Loy A) A
control-stack (take (count-decided M) cs) M A literals-are-in-L;n-trail A M A
length M < wint32-max A
length M < wint32-maz div 2 + 1 A
count-decided M < wint32-mazx N
length M’ = length M A
isasat-input-bounded A N
M’ = map lit-of (rev M)
b
(proof)

lemma isa-length-trail-length-u-no-CS:
(RETURN o isa-length-trail, RETURN o length-uint32-nat) € trail-pol-no-CS A — ¢ (nat-rel) nres-rel)
{proof)

lemma control-stack-is-decided:
(control-stack cs M = c€set cs = is-decided ((rev M)!c)

{proof)

lemma control-stack-distinct:
(control-stack cs M — distinct cs

{proof)

lemma control-stack-level-control-stack:
assumes
cs: <control-stack cs M) and
n-d: (mo-dup M)> and
i (4 < length cs
shows (get-level M (lit-of (rev M ! (es! 7)) = Suc
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(proof)

definition get-pos-of-level-in-trail where
(get-pos-of-level-in-trail My lev =
SPEC(Ai. i < length Moy A is-decided (rev Moli) A get-level M (lit-of (rev Moli)) = lev+1)

definition (in —) get-pos-of-level-in-trail-imp where
(get-pos-of-level-in-trail-imp = (A(M', s, lls, reasons, k, cs) lev. do {
ASSERT (lev < length cs);
RETURN (cs ! lev)

1)
definition get-pos-of-level-in-trail-pre where
(get-pos-of-level-in-trail-pre = (A(M, lev). lev < count-decided M)

lemma get-pos-of-level-in-trail-imp-get-pos-of-level-in-trail:
((uncurry get-pos-of-level-in-trail-imp, uncurry get-pos-of-level-in-trail) €
[get-pos-of-level-in-trail-pre] ¢ trail-pol-no-CS A xy nat-rel — (nat-rel)nres-rel

(proof)

lemma get-pos-of-level-in-trail-imp-get-pos-of-level-in-trail-CS:
(uncurry get-pos-of-level-in-trail-imp, uncurry get-pos-of-level-in-trail) €
[get-pos-of-level-in-trail-pre] ¢ trail-pol A X ; nat-rel — (nat-rel)nres-rel)

(proof)

lemma lit-of-last-trail-pol-lit-of-last-trail-no-CS:
(RETURN o lit-of-last-trail-pol, RETURN o lit-of-hd-trail) €
(AS. S # [l trail-pol-no-CS A — (Id)nres-rel)
{proof)

end

theory Watched-Literals-VMTF
imports IsaSAT-Literals

begin

4.7.1 Variable-Move-to-Front

Variants around head and last

definition option-hd :: ('a list = 'a option) where
option-hd xs = (if zs =[] then None else Some (hd s))

lemma option-hd-None-iff [iff]: <option-hd zs = None +— zs = [|> (None = option-hd zs +— zs = [

{proof)

lemma option-hd-Some-iff [iff]: <option-hd zs = Some y «+— (zs # [] A y = hd zs)
(Some y = option-hd zs < (28 £ [| A y = hd 2s))
{proof)

lemma option-hd-Some-hd[simp]: zs # [| = option-hd zs = Some (hd zs)
{proof)

lemma option-hd-Nil[simp]: (option-hd [] = None
{proof)

definition option-last where

65



option-last | = (if | = [| then None else Some (last 1))

lemma
option-last-None-iff [iff]: coption-last | = None «— 1 = []) (None = option-last | «<— | = []» and
option-last-Some-iff [iff]:
(option-last | = Some a <— 1 # [| A a = last D
(Some a = option-last | +— 1 £ [| A a = last I

{proof)

lemma option-last-Some[simp]: (I # [| = option-last | = Some (last 1)
{proof)

lemma option-last-Nil[simp]: (option-last || = None
{proof)

lemma option-last-removel-not-last:
@ # last xs = option-last xs = option-last (removel x xs)
{proof)

lemma option-hd-rev: <option-hd (rev xs) = option-last xs

{proof)

lemma map-option-option-last:
(map-option f (option-last s) = option-last (map f xs)

(proof)
Specification
type-synonym v abs-vmif-ns = (‘v set x v seb
type-synonym v abs-vmtf-ns-remove = (v abs-vmtf-ns x v set)

datatype ('v, 'n) vmtf-node = VMTF-Node (stamp : 'n) (get-prev: (v option)) (get-next: v option))
type-synonym nat-vmif-node = (nat, nat) vmif-node

inductive vmtf-ns :: (nat list = nat = nat-vmtf-node list = bool) where
Nil: comtf-ns ] st zs) |
Consl: (a < length s = m > n = zs | a = VMTF-Node (n::nat) None None = vmtf-ns [a] m zs
|
Cons: «wmtf-ns (b # 1) m zs = a < length s = xzs ! a = VMTF-Node n None (Some b) =
atb=a¢ setl=n>m=—
zs’ = xs|b := VMTF-Node (stamp (zs!b)) (Some a) (get-next (zs!d))] = n' > n =
vmif-ns (a # b # 1) n' zs)

inductive-cases vmtf-nsE: (vmif-ns xs st zs)

lemma vmtf-ns-le-length: <vmif-ns I m s = i € set | = i < length xs)

{proof)

lemma vmtf-ns-distinct: <comtf-ns | m xs => distinct D

{proof)

lemma vmtf-ns-eq-iff:
assumes
i€ setl xs!i=z25!% and
Vi€ setl i < length xs N\ i < length zs
shows wmif-ns I m zs +— vmtf-ns I m zs (is (?A +— ?B))
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(proof)
lemmas vmtf-ns-eq-iffl = vmif-ns-eq-iff [ THEN iff D1]

lemma vmif-ns-stamp-increase: («vmtf-ns xs p zs = p < p' = vmif-ns s p’ zs

{proof)

lemma vmitf-ns-single-iff: «wmtf-ns [a] m zs +— (a < length xs A m > stamp (xs ! a) A
xzs ! a = VMTF-Node (stamp (zs ! a)) None None))
(proof)

lemma vmtf-ns-append-decomp:
assumes wmtf-ns (azxs Q [az, ay] Q azs) an ns
shows (vmitf-ns (azs Q [az]) an (ns[ax:= VMTF-Node (stamp (nslaz)) (get-prev (nslaz)) None]) A
vmif-ns (ay # azs) (stamp (nslay)) (ns[ay:= VMTF-Node (stamp (ns'ay)) None (get-next (nslay))])
A
stamp (nslazx) > stamp (nslay))

{proof)

lemma vmtf-ns-append-rebuild:

assumes
(vmtf-ns (azs Q [az]) an ns)» and
wmitf-ns (ay # azs) (stamp (nslay)) ns) and
(stamp (nslaz) > stamp (nslay)) and
(distinct (axs Q [az, ay] Q azs)

shows wmif-ns (axs Q [az, ay] Q azs) an
(nslax := VMTF-Node (stamp (nslaz)) (get-prev (nslaz)) (Some ay) ,

ay := VMTF-Node (stamp (nslay)) (Some azx) (get-next (nslay))])

{proof)

It is tempting to remove the update-r. However, it leads to more complicated reasoning later:
What happens if x is not in the list, but its successor is? Moreover, it is unlikely to really make
a big difference (performance-wise).

definition ns-vmtf-dequeue :: <nat = nat-vmtf-node list = nat-vmtf-node list) where
(ns-vmtf-dequeuve y xs =
(let x = zs ! y;
u-prev =
(case get-prev x of None = xs
| Some a = zs[a:= VMTF-Node (stamp (xsla)) (get-prev (zsla)) (get-nect x)]);
u-nexrt =
(case get-next x of None = u-prev
| Some a = u-previa:= VMTF-Node (stamp (u-prevla)) (get-prev x) (get-next (u-prevla))]);
u-r = u-next[y:= VMTF-Node (stamp (u-nextly)) None None]
mn
U-I)
)

lemma vmif-ns-different-same-neq: «wmtf-ns (b # ¢ # ') m xs = vmif-ns (¢ # ') m zs = Fulse)
(proof)

lemma vmtf-ns-last-next:
wmif-ns (zs Q [z]) m ns = get-next (ns ! x) = None

(proof)

lemma vmif-ns-hd-prev:
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wmif-ns (¢ # zs) m ns => get-prev (ns ! z) = None
{proof)

lemma vmtf-ns-last-mid-get-next:
wmitf-ns (zs Q [z, y] Q zs) m ns => get-next (ns ! z) = Some

{proof)

lemma vmtf-ns-last-mid-get-next-option-hd:
wmitf-ns (zs @ x # 28) m ns => get-next (ns ! x) = option-hd zs)

{proof)

lemma vmtf-ns-last-mid-get-prev:
assumes wmtf-ns (zs Q [z, y] Q zs) m ns)
shows (get-prev (ns ! y) = Some @

(proof)

lemma vmtf-ns-last-mid-get-prev-option-last:
wmif-ns (zs @ z # z8) m ns = get-prev (ns | x) = option-last zs)

(proof)

lemma length-ns-vmtf-dequeue[simp]: dength (ns-vmtf-dequeue x ns) = length ns)

{proof)

lemma vmtf-ns-skip-fst:
assumes vmtf-ns: «wmtf-ns (z # y' # 28') m ns
shows I n. vmif-ns (y' # zs') n (ns[y’ := VMTF-Node (stamp (ns!y’)) None (get-next (ns! y”))]) A
m>n

{proof)

definition vmitf-ns-notin where
wmitf-ns-notin | m xs +— (Vi<length zs. i¢set | — (get-prev (zs ! i) = None A
get-next (xs ! i) = None)))

lemma vmtf-ns-notinl:
(Ai. © <length ts = i¢set | => get-prev (xs | i) = None A
get-next (zs ! i) = None) = vmtf-ns-notin | m zs)

{proof)

lemma stamp-ns-vmtf-dequeue:
(azs < length zs = stamp (ns-vmtf-dequeue x zs | axs) = stamp (zs ! axs)

(proof)

lemma sorted-many-eq-append: (sorted (zs Q [z, y]) +— sorted (zs Q [z]) Az < p

{proof)

lemma vmtf-ns-stamp-sorted:
assumes (vmtf-ns [ m ns)
shows «sorted (map (Aa. stamp (nsla)) (rev 1)) A (Va € set l. stamp (nsla) < m)

(proof)
lemma vmtf-ns-ns-vmif-dequeue:

assumes vmif-ns: wmtf-ns [ m ns) and notin: <vmtf-ns-notin I m ns and valid: x < length ns
shows wmitf-ns (removel z 1) m (ns-vmtf-dequeue x ns))

(proof)

lemma vmtf-ns-hd-next:
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wmif-ns (z # a # list) m ns = get-next (ns | ) = Some a
{proof)

lemma vmtf-ns-notin-dequeue:
assumes vmif-ns: wmtf-ns [ m ns) and notin: <vmtf-ns-notin I m ns and valid: (x < length ns
shows (vmif-ns-notin (removel z 1) m (ns-vmtf-dequeue x ns))

(proof)

lemma vmtf-ns-stamp-distinct:
assumes (vmtf-ns [ m ns)
shows (distinct (map (Aa. stamp (nsla)) 1)

{proof)

lemma vmtf-ns-thighten-stamp:
assumes vmtf-ns: (wmtf-ns | m zs) and n: v a€set . stamp (xs! a) < n)
shows (vmif-ns I n xs)

(proof)

lemma vmtf-ns-rescale:

assumes
(wmitf-ns | m xzs) and
sorted (map (Aa. st'! a) (rev 1)) and (distinct (map (Aa. st'! a) 1)
~a € set l. get-prev (zs | a) = get-prev (zs | a)) and
~a € setl. get-next (zs! a) = get-next (zs! a)) and
~Na € setl. stamp (zs! a) = st! @ and
dength xzs < length zs) and
N acset . a < length st) and
m'’s Va € setl st!a<mh

shows (wvmtf-ns I m' zs)

(proof)

lemma vmif-ns-last-prev:
assumes vmtf: <omtf-ns (zs Q [z]) m ns)
shows (get-prev (ns ! x) = option-last zs)

(proof)

Abstract Invariants Invariants

e The atoms of zs and ys are always disjoint.
e The atoms of ys are always set.
e The atoms of xs can be set but do not have to.

e The atoms of zs are either in zs and ys.

definition vmtf-L,;; :: <nat multiset = (nat, nat) ann-lits = nat abs-vmitf-ns-remove = bool) where
wmtf-Loyg A M = M(zs, ys), 2s).

(VLeys. L € atm-of ‘ lits-of-1 M) A

zsNys={} A

zs C axs U ys A

zs U ys = atms-of (Lay A)

)

abbreviation abs-vmif-ns-inv :: (nat multiset = (nat, nat) ann-lits = nat abs-vmitf-ns = bool) where
(abs-vmitf-ns-inv A M vm = vmitf-Lo A M (vm, {})
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Implementation

type-synonym (in —) vmif = nat-vmtf-node list X nat X nat X nat X nat option
type-synonym (in —) vmif-remove-int = (wmtf X nat set)

We use the opposite direction of the VMTF paper: The latest added element fst-As is at the
beginning.

definition vmif :: (nat multiset = (nat, nat) ann-lits = vmtf-remove-int set) where
wmtf A M = {((ns, m, fst-As, Ist-As, next-search), to-remove).

(s’ ys'.

vmif-ns (ys’ Q zs’) m ns A fst-As = hd (ys’ Q xs") A Ist-As = last (ys’ @ zs’)

A next-search = option-hd xs’

A vmtf-Lag A M ((set zs’, set ys’), to-remove)

A vmtf-ns-notin (ys' @Q zs’) m ns

A (V Leatms-of (Lan A). L < length ns) A (Y Leset (ys' Q zs’). L € atms-of (Lay A))

b

lemma vmtf-consD:
assumes vmtf: «((ns, m, fst-As, lst-As, next-search), remove) € vmtf A M>
shows «((ns, m, fst-As, Ist-As, next-search), remove) € vmtf A (L # M)
(proof )

type-synonym (in —) vmif-option-fst-As = (nat-vmif-node list X nat x nat option X nat oplion X
nat option)

definition (in —) vmtf-dequeue :: (nat = vmtf = vmtf-option-fst-As) where
wmitf-dequewe = (AL (ns, m, fst-As, lst-As, next-search).
(let fst-As’ = (if fst-As = L then get-next (ns ! L) else Some fst-As);
next-search’ = if next-search = Some L then get-next (ns ! L) else next-search;
Ist-As’ = if Ist-As = L then get-prev (ns | L) else Some Ist-As in
(ns-vmtf-dequeue L ns, m, fst-As’, Ist-As’, next-search’)))

It would be better to distinguish whether L is set in M or not.

definition vmtf-enqueue :: (nat, nat) ann-lits = nat = vmif-option-fst-As = vmif) where
wmitf-enqueve = (AM L (ns, m, fst-As, lst-As, next-search).
(case fst-As of
None = (ns[L := VMTF-Node m fst-As None], m+1, L, L,
(if defined-lit M (Pos L) then None else Some L))
| Some fst-As =
let fst-As’ = VMTF-Node (stamp (ns!fst-As)) (Some L) (get-next (ns!fst-As)) in
(ns[L := VMTF-Node (m+1) None (Some fst-As), fst-As := fst-As],
m+1, L, the Ist-As, (if defined-lit M (Pos L) then next-search else Some L))))

definition (in —) vmtf-en-dequeue :: (nat, nat) ann-lits = nat = vmif = vmif) where
wmif-en-dequeue = (AM L vm. vmif-enqueue M L (vmif-dequeue L vm)))

lemma abs-vmtf-ns-bump-vmtf-dequeue:
fixes M
assumes vmtf:«((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M) and
L: <L € atms-of (L4 A) and
dequeue: (ns’, m/', fst-As’, Ist-As’, next-search’) =
vmtf-dequeue L (ns, m, fst-As, Ist-As, next-search)) and
Ain-nempty: <isasat-input-nempty A
shows Jas’ ys'. vmif-ns (ys’ Q xs’) m’' ns’ A fst-As’ = option-hd (ys’ Q xs’)
A lst-As’ = option-last (ys' Q xs’)
A next-search’ = option-hd s’

70



A next-search’ = (if next-search = Some L then get-next (ns!L) else next-search)
A vmtf-Lay A M ((insert L (set xs’), set ys'), to-remove)

A vmtf-ns-notin (ys’ @ zs’) m’ ns’ A

L ¢ set (ys' @ xs") A (Y Leset (ys' Q xs’). L € atms-of (Lo A))

(proof)

lemma vmtf-ns-get-prev-not-itself:
(wmif-ns xs m ns = L € set s = L < length ns = get-prev (ns ! L) # Some L

(proof)

lemma vmif-ns-get-next-not-itself:
(wmtf-ns xs m ns = L € set xs = L < length ns = get-next (ns! L) # Some L

{proof)

lemma abs-vmtf-ns-bump-vmtf-en-dequeue:

fixes M

assumes
vmif: «((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M) and
L: (L € atms-of (La;; A) and
to-remove: (to-remove’ C to-remove — {L}> and
nempty: (isasat-input-nempty A

shows «(vmif-en-dequeue M L (ns, m, fst-As, lst-As, next-search), to-remove’) € vmtf A M)

{proof)

lemma abs-vmtf-ns-bump-vmtf-en-dequeue’:

fixes M

assumes
vmtf: «(vm, to-remove) € vmtf A M) and
L: (L € atms-of (L4 A)) and
to-remove: (to-remove’ C to-remove — {L}> and
nempty: (isasat-input-nempty A

shows «(vmif-en-dequeve M L vm, to-remove’) € vmtf A M)

{proof)

definition (in —) vmtf-unset :: (nat = vmif-remove-int = vmtf-remove-int) where
wmitf-unset = (AL ((ns, m, fst-As, Ist-As, next-search), to-remove).

(if next-search = None V stamp (ns ! (the next-search)) < stamp (ns! L)

then ((ns, m, fst-As, lst-As, Some L), to-remove)

else ((ns, m, fst-As, lst-As, next-search), to-remove))))

lemma vmtf-atm-of-ys-iff:
assumes
vmif-ns: «wmif-ns (ys’ Q zs’) m ns) and
next-search: (next-search = option-hd xs"» and
abs-vmtf: «womtf-Lo A M ((set xs’, set ys’), to-remove)) and
L: <L € atms-of (Lqy A)
shows (L € set ys’ «— next-search = None V stamp (ns ! (the next-search)) < stamp (ns! L)

(proof)

lemma vmtf-L,;;-to-remove-mono:
assumes
wmtf-La A M ((a, b), to-remove)) and
(to-remove’ C to-remove)
shows «wmitf-Lq1; A M ((a, b), to-remove’))
(proof)
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lemma abs-vmtf-ns-unset-vmtf-unset:
assumes vmtf:(((ns, m, fst-As, Ist-As, next-search), to-remove) € vmtf A M) and
L-N: (L € atms-of (Lo A) and
to-remove: (to-remove’ C to-remove)
shows «(vmif-unset L ((ns, m, fst-As, lst-As, next-search), to-remove’)) € vmtf A M> (is (25 € )

(proof)

definition (in —) vmtf-dequeue-pre where
(wmitf-dequeue-pre = (A(L,ns). L < length ns A
(get-next (ns!L) # None — the (get-next (ns!L)) < length ns) A
(get-prev (ns!L) # None — the (get-prev (ns!L)) < length ns))

lemma (in —) vmtf-dequeue-pre-alt-def:
wmitf-dequeue-pre = (A(L, ns). L < length ns A
(Va. Some a = get-next (ns!L) — a < length ns) A
(Va. Some a = get-prev (ns!L) — a < length ns))

(proof)

definition vmtf-en-dequeue-pre :: (nat multiset = ((nat, nat) ann-lits X nat) X vmtf = bool) where
wmif-en-dequeue-pre A = (AN((M, L),(ns,m,fst-As, lst-As, next-search)).
L < length ns A vmtf-dequeue-pre (L, ns) A
fst-As < length ns A (get-next (ns! fst-As) # None — get-prev (ns ! Ist-As) # None) A
(get-next (ns ! fst-As) = None —» fst-As = Ist-As) A
m~+1 < uwintb4-max A
Pos L €4 Lqg; A))

lemma (in —) id-reorder-list:
(RETURN o id, reorder-list vm) € (nat-rel)list-rel —; ((nat-rel)list-rel)nres-rel)
{proof)

lemma vmtf-vmtf-en-dequeue-pre-to-remove:
assumes vmtf: «((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M> and
1. (A € to-remove) and
m-le: «m + 1 < wint64-mazr) and
nempty: (isasat-input-nempty A
shows (wmif-en-dequeue-pre A (M, A), (ns, m, fst-As, lst-As, next-search)))
(proof)

lemma vmtf-vmif-en-dequeuve-pre-to-remove”:
assumes vmtf: ((vm, to-remove) € vmtf A M) and
i: <A € to-remover and (fst (snd vm) + 1 < wint64-maz) and
A: dsasat-input-nempty A
shows wmif-en-dequeue-pre A (M, A), vm)
(proof)

lemma wf-vmtf-get-next:
assumes vmtf: ((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M)
shows «wf {(get-next (ns ! the a), a) |a. a # None A the a € atms-of (Lo A)D (is «wf 7R)

(proof)

lemma vmif-next-search-take-next:
assumes
vmif: ((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M) and
n: (next-search # None» and

72



def-n: «defined-lit M (Pos (the next-search)))
shows «((ns, m, fst-As, lst-As, get-next (ns!the next-search)), to-remove) € vmtf A M)

(proof)

definition vmtf-find-next-undef :: (nat multiset = vmtf-remove-int = (nat, nat) ann-lits = (nat option)
nres) where
wmif-find-next-undef A = (A((ns, m, fst-As, lst-As, next-search), to-remove) M. do {
WH[LET/\ne:ct—search. ((ns, m, fst-As, Ist-As, next-search), to-remove) € vmitf A M A (next-search # None — Pos (1
(Anext-search. next-search # None A defined-lit M (Pos (the next-search)))
(Anext-search. do {
ASSERT (next-search # None);
let n = the next-search;
ASSERT (Pos n €# Lo A);
ASSERT (n < length ns);
RETURN (get-next (ns'n))
}
)

next-search

bl

lemma vmtf-find-next-undef-ref:
assumes
vmitf: ((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M)
shows wmif-find-next-undef A ((ns, m, fst-As, lst-As, next-search), to-remove) M
< |} Id (SPEC (AL. ((ns, m, fst-As, Ist-As, L), to-remove) € vmtf A M A
(L = None — (VLe#Lqy A. defined-lit M L)) A
(L # None — Pos (the L) €# Lq A N undefined-lit M (Pos (the L)))))
{proof)

definition vmtf-mark-to-rescore
= (nat = vmtf-remove-int = vmif-remove-int)
where
wmif-mark-to-rescore L = (A((ns, m, fst-As, next-search), to-remove).
((ns, m, fst-As, next-search), insert L to-remove)))

lemma vmtf-mark-to-rescore:
assumes
L: <L €atms-of (Lo A) and
vmitf: ((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M)
shows wmitf-mark-to-rescore L ((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M)

(proof)

lemma vmtf-unset-vmitf-tl:
fixes M
defines [simp]: (L = atm-of (lit-of (hd M)))
assumes vmtf:«((ns, m, fst-As, lst-As, next-search), remove) € vmtf A M) and
L-N: <L € atms-of (Lqi A) and [simp]: <M # [
shows (vmitf-unset L ((ns, m, fst-As, lst-As, next-search), remove)) € vmtf A (¢t M)
(is (25 € )
(proof)

definition vmtf-mark-to-rescore-and-unset :: (nat = vmitf-remove-int = vmif-remove-int) where
(wmtf-mark-to-rescore-and-unset L M = vmitf-mark-to-rescore L (vmtf-unset L M)

lemma vmtf-append-remove-iff:
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(((ns, m, fst-As, lst-As, next-search), insert L b) € vmtf A M <—
L € atms-of (Laqu A) A ((ns, m, fst-As, lst-As, next-search), b) € vmitf A M)
(is (A +— 2L A D)

(proof)

lemma vmtf-append-remove-iff "
((vm, insert L b) € vmtf A M <—
L € atms-of (L1 A) A (vm, b) € vmtf A M)
(proof)

lemma vmtf-mark-to-rescore-unset:
fixes M
defines [simp]: (L = atm-of (lit-of (hd M))
assumes vmtf:((ns, m, fst-As, Ist-As, next-search), remove) € vmtf A M) and
L-N: (L € atms-of (Lqi A)) and [simp]: (M # [
shows «(vmtf-mark-to-rescore-and-unset L ((ns, m, fst-As, Ist-As, next-search), remove)) € vmtf A (il
M)
(is (25 € )

(proof)

lemma vmtf-insert-sort-nth-code-preD:
assumes vmif: «wom € vmif A M)
shows Vz€snd vm. x < length (fst (fst vm))

(proof)

lemma vmtf-ns-Cons:
assumes
vmitf: wmitf-ns (b # 1) m zs) and
a-xs: (a < length zs) and
ab: <a # b and
a-l: «a ¢ set ) and
nm: (n > m) and
zs" «ws’ = xs[a := VMTF-Node n None (Some b),
b := VMTEF-Node (stamp (zs!b)) (Some a) (get-next (xs!b))] and
nn’ (n' > n)
shows wmif-ns (a # b # 1) n' zs)
(proof)

definition (in —) vmtf-cons where
(wmif-cons ns L cnext st =
(let
ns = ns[L := VMTF-Node (Suc st) None cnext];
ns = (case cnext of None = ns
| Some cnext = ns[enext := VMTF-Node (stamp (nslenext)) (Some L) (get-next (nslenext))]) in
ns)
)

lemma vmtf-notin-vmtf-cons:
assumes
vmitf-ns: (wmif-ns-notin xs m ns> and
cnext: (cnext = option-hd xs) and
L-zs: (L ¢ set zs)
shows
wmitf-ns-notin (L # xs) (Suc m) (vmtf-cons ns L cnext m))
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(proof)

lemma vmtf-cons:

assumes
vmtf-ns: <vmitf-ns xs m ns> and
cnext: (cnext = option-hd xs) and
L-A: <L < length ns) and
L-zs: <L ¢ set xs

shows
wmitf-ns (L # zs) (Suc m) (vmtf-cons ns L cnext m)

(proof)

lemma length-vmtf-cons[simp]: «length (vmtf-cons ns L n m) = length ns)

(proof)

lemma wf-vmtf-get-prev:
assumes vmtf: ((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A M)
shows «wf {(get-prev (ns ! the a), a) |a. a # None A the a € atms-of (Lqy A} (is «wf ?R))

(proof)

fun update-stamp where
(update-stamp xs n a = xs[a == VMTF-Node n (get-prev (zsla)) (get-next (xsla)))

definition vmif-rescale :: (wmif = vmtf nres) where
wmif-rescale = (A(ns, m, fst-As, lst-As :: nat, next-search). do {
(ns, m, -) < WHILE~ True
(AM(ns, n, lst-As). lst-As #None)
(AM(ns, n, a). do {
ASSERT (a # None);
ASSERT (n+1 < wint32-maz);
ASSERT (the a < length ns);
RETURN (update-stamp ns n (the a), n+1, get-prev (ns ! the a))
)
(ns, 0, Some Ist-As);
RETURN ((ns, m, fst-As, lst-As, next-search))
)

)

lemma vmtf-rescale-vmif:
assumes vmtf: (vm, to-remove) € vmtf A M) and
nempty: (isasat-input-nempty A and
bounded: (isasat-input-bounded A
shows
wmtf-rescale vm < SPEC (Avm. (vm, to-remove) € vmtf A M A fst (snd vm) < wint32-max))
(is (?A < 7Ry)
(proof)

definition vmif-flush
i (nat multiset = (nat,nat) ann-lits = vmtf-remove-int = vmtf-remove-int nres

where
wmitf-flush A;p, = (AM (vm, to-remove). RES (vmitf A;n, M))

definition atoms-hash-rel :: (nat multiset = (bool list x nat set) set) where

(atoms-hash-rel A = {(C, D). (VL € D. L < length C) A (VL < length C. C'! L «+— L € D) A
(VL e# A. L < length C) N D C set-mset A}
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definition distinct-hash-atoms-rel
i (nat multiset = (('v list x v set) X v set) seh)
where
(distinct-hash-atoms-rel A = {((C, h), D). set C = D A h = D A distinct C'}h

definition distinct-atoms-rel
i (nat multiset = ((nat list x bool list) x nat set) set)
where
(distinct-atoms-rel A = (Id x, atoms-hash-rel A) O distinct-hash-atoms-rel A

lemma distinct-atoms-rel-alt-def:
(distinct-atoms-rel A = {((D’, C), D). (VL € D. L < length C) A (VL < length C. C ! L +— L €
D) A
(VL e# A. L < length C) A set D' = D A distinct D' A\ set D' C set-mset A}
(proof)

lemma distinct-atoms-rel-empty-hash-iff:
«(([), h), {}) € distinct-atoms-rel A +— (VL €# A. L < length h) A (Vi€set h. i = False)
(proof)

definition atoms-hash-del-pre where
(atoms-hash-del-pre i xs = (i < length zs)

definition atoms-hash-del where
(atoms-hash-del i xs = xs[i := False])

definition vmitf-flush-int :: (nat multiset = (nat,nat) ann-lits = - = - nres) where
wmif-flush-int A;p, = (AM (vm, (to-remove, h)). do {
ASSERT (V z€set to-remove. x < length (fst vm));
ASSERT (length to-remove < wint32-max);
to-remove’ < reorder-list vm to-remove;
ASSERT (length to-remove’ < wint32-max);
vm < (if length to-remove’ + fst (snd vm) > uint64-maz
then vmtf-rescale vm else RETURN vm);
ASSERT (length to-remove’ + fst (snd vm) < wint64-max);
(-, vm, h) « WH[LET/\(Z', vm’, h). i < length to-remove’ A fst (snd vm') = i + fst (snd vm) A (i < length to-remove
(A4, vm, h). i < length to-remove’)
(A(4, vm, h). do {
ASSERT (i < length to-remove);
ASSERT (to-removeli €# A;p);
ASSERT (atoms-hash-del-pre (to-remove’li) h);
RETURN (i+1, vmtf-en-dequeue M (to-remove’li) vm, atoms-hash-del (to-remove’li) h)})
(0, vm, h);
RETURN (vm, (emptied-list to-remove’, h))
b

lemma vmtf-change-to-remove-order:
assumes
vmif: ((ns, m, fst-As, lst-As, next-search), to-remove) € vmtf A;, M) and
CD-rem: «((C, D), to-remove) € distinct-atoms-rel A;,) and
nempty: (sasat-input-nempty A;,> and
bounded: (isasat-input-bounded A;p)
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shows «wmif-flush-int A;, M ((ns, m, fst-As, Ist-As, next-search), (C, D))
< J(Id x, distinct-atoms-rel A;p)
(vmtf-flush A, M ((ns, m, fst-As, Ist-As, next-search), to-remove))
(proof)

lemma vmtf-change-to-remove-order’:
(uncurry (vmtf-flush-int A;y), uncurry (vmtf-flush A;n)) €
[AN(M, vm). vm € vmtf A;, M A isasat-input-bounded A;y, N isasat-input-nempty Ain) ¢
Id x, (Id x, distinct-atoms-rel A;,) — ((Id %, distinct-atoms-rel A;y,)) nres-rel)

{proof)

4.7.2 Phase saving
type-synonym phase-saver = (bool list

definition phase-saving :: (nat multiset = phase-saver = bool) where
(phase-saving A ¢ +— (¥ Leatms-of (L1 A). L < length o)

Save phase as given (e.g. for literals in the trail):

definition save-phase :: <nat literal = phase-saver = phase-saver) where
(save-phase L p = platm-of L := is-pos L]

lemma phase-saving-save-phase[simp):
(phase-saving A (save-phase L @) +— phase-saving A ¢
(proof)

Save opposite of the phase (e.g. for literals in the conflict clause):

definition save-phase-inv :: <nat literal = phase-saver = phase-saver) where
(save-phase-inv L ¢ = platm-of L := —is-pos L]

end
theory LBD

imports IsaSAT-Literals
begin
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Chapter 5

LBD

LBD (literal block distance) or glue is a measure of usefulness of clauses: It is the number of
different levels involved in a clause. This measure has been introduced by Glucose in 2009
(Audemart and Simon).

LBD has also another advantage, explaining why we implemented it even before working on
restarts: It can speed the conflict minimisation. Indeed a literal might be redundant only if
there is a literal of the same level in the conflict.

The LBD data structure is well-suited to do so: We mark every level that appears in the conflict
in a hash-table like data structure.

Remark that we combine the LBD with a MTF scheme.

5.1 Types and relations

type-synonym [bd = (bool list)
type-synonym [bd-ref = (bool list X nat X nat)

Beside the actual “lookup” table, we also keep the highest level marked so far to unmark all
levels faster (but we currently don’t save the LBD and have to iterate over the data structure).
We also handle growing of the structure by hand instead of using a proper hash-table. We do
so, because there are much stronger guarantees on the key that there is in a general hash-table
(especially, our numbers are all small).

definition lbd-ref where
dbd-ref = {((Ibd, n, m), lbd"). lIbd = Ibd" A n < length lbd A
(Vk > n. k < length Ibd — —lbd!k) A
length Ibd < Suc (Suc (uint32-max div 2)) A n < length Ibd A
m = length (filter id Ibd)}

5.2 Testing if a level is marked

definition level-in-Ibd :: (nat = Ibd = bool) where
devel-in-Ibd i = (Albd. i < length Ibd A 1bd!i)

definition level-in-lbd-ref :: (nat = lbd-ref = bool) where
devel-in-lbd-ref = (Ai (Ibd, -). i < length-uint32-nat lbd A 1bd'i)

lemma level-in-lbd-ref-level-in-lbd:

(uncurry (RETURN oo level-in-lbd-ref), uncurry (RETURN oo level-in-1bd)) €
nat-rel X, lbd-ref — (bool-rel)nres-rel)
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{proof)

5.3 Marking more levels

definition list-grow where
dist-grow zs n x = xs Q replicate (n — length xs)

definition lbd-write :: «(Ibd = nat = [bd> where
dbd-write = (Albd 1.
(if i < length lbd then (Ibd[i := True))
else ((list-grow Ibd (i + 1) False)[i :== True])))

definition Ibd-ref-write :: <bd-ref = nat = lbd-ref nres) where
dbd-ref-write = (A(Ibd, m, n) i. do {
ASSERT (length Ibd < wint32-mazx A n + 1 < wint32-maz);
(if © < length-uint32-nat lbd then
let n = if Ibd ! i then n else n+1 in
RETURN (Ibd[i := True], max i m, n)
else do {
ASSERT (i + 1 < wint32-max);
RETURN ((list-grow Ibd (i 4+ 1) False)[i :== True], maz i m, n + 1)
)
Ik

lemma length-list-grow|simp]:
dength (list-grow s n a) = maz (length xs) m

{proof)

lemma list-update-append2: i > length zs = (zs Q ys)[i := x] = xs Q ys[i — length zs := z)
(proof)

lemma [bd-ref-write-lbd-write:
(uncurry (lbd-ref-write), uncurry (RETURN oo lbd-write)) €
[A(lbd, ©). ¢ < Suc (wint32-mazx div 2)|¢
lbd-ref xy nat-rel — (lbd-ref)nres-rel
{proof)

5.4 Cleaning the marked levels

definition lbd-emtpy-inv :: (nat = bool list x nat = bool) where
dbd-emtpy-inv m = (M(ws, 7). ¢ < Sucm A (Vj < i. s | j = False) A
(Vj > m.j < length xs — zs | j = False)))

definition lbd-empty-ref where
dbd-empty-ref = (A(zs, m, -). do {
(zs, i) +
WH[LEled—emtpy—inv m
(A(zs, 7). i < m)
(Mzs, 1). do {
ASSERT (i < length xs);
ASSERT(i + 1 < wint82-maz);
RETURN (as[i := False], i + 1)})
(zs, 0);
RETURN (s, 0, 0)
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definition lbd-empty where
(dbd-empty xzs = RETURN (replicate (length xzs) False)

lemma [bd-empty-ref:
assumes (((zs, m, n), zs) € lbd-ref)
shows
dbd-empty-ref (xs, m, n) < || lbd-ref (RETURN (replicate (length xs) False)))
(proof)

lemma [bd-empty-ref-lbd-empty:
(Ibd-empty-ref, lbd-empty) € lbd-ref —¢ (Ibd-ref)nres-rel
(proof)

definition (in —)empty-lbd :: (bd> where
(empty-lbd = (replicate 32 False))

definition empty-lbd-ref :: «Ibd-ref> where
(empty-lbd-ref = (replicate 32 False, 0, 0)

lemma empty-lbd-ref-empty-lbd:
(A-. (RETURN empty-lbd-ref), A\-. (RETURN empty-lbd)) € unit-rel — (lbd-ref)nres-rel)
{proof)

5.5 Extracting the LBD

We do not prove correctness of our algorithm, as we don’t care about the actual returned value
(for correctness).

definition get-LBD :: (Ibd = nat nres) where
(get-LBD lbd = SPEC(\-. True))

definition get-LBD-ref :: (lbd-ref = nat nres) where
get-LBD-ref = (A(zs, m, n). RETURN n))

lemma get-LBD-ref:
«((lbd, m), Ibd’) € lbd-ref => get-LBD-ref (lbd, m) < || nat-rel (get-LBD Ibd’))
(proof)

lemma get-LBD-ref-get-LBD:
((get-LBD-ref, get-LBD) € lbd-ref —; (nat-rel)nres-rel
(proof)

end
theory LBD-LLVM

imports LBD IsaSAT-Literals-LLVM
begin

no-notation WB-More-Refinement.fref ([-]f - — - [0,60,60] 60)
no-notation WB-More-Refinement.freft (- —¢ - [60,60] 60)

type-synonym ’a larray64 = ('a,64) larray
type-synonym [lbd-assn = (1 word) larray64 x 32 word X 32 word)
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abbreviation lbd-int-assn :: (bd-ref = lbd-assn = assn) where
dbd-int-assn = larray64-assn booll-assn X, uint32-nat-assn X, wint32-nat-assn)

definition Ilbd-assn :: (bd = lbd-assn = assn) where
(bd-assn = hr-comp lbd-int-assn lbd-ref)

Testing if a level is marked sepref-def level-in-lbd-code
is [ «wncurry (RETURN oo level-in-lbd-ref )
s uwint82-nat-assn® %, lbd-int-assn® —, booll-assn

{proof)

lemma level-in-lbd-hnr|sepref-fr-rules]:
((uncurry level-in-lbd-code, uncurry (RETURN oo level-in-Ibd)) € uint32-nat-assn® *,
lbd-assn® —, booll-assn)

{proof)

sepref-def [bd-empty-code
is [] «(lbd-empty-ref>
o dbd-int-assn® —, Ibd-int-assn)

{proof)

lemma lbd-empty-hnr|[sepref-fr-rules]:
((Ibd-empty-code, Ibd-empty) € Ibd-assn® —, Ibd-assn
(proof)

sepref-def empty-lbd-code
is [| «uncurry0 (RETURN empty-lbd-ref)
o unit-assn® —, bd-int-assn

(proof)

lemma empty-lbd-ref-empty-lbd:
(uncurry0 (RETURN empty-lbd-ref), uncurry0 (RETURN empty-bd)) € unit-rel — 5 (Ibd-ref)nres-reb
{proof)

lemma empty-lbd-hnr|[sepref-fr-rules]:
((Sepref-Misc.uncurry0 empty-lbd-code, Sepref-Misc.uncurry0 (RETURN empty-Ibd)) € unit-assn® —,
lbd-assn)

(proof)

sepref-def get-LBD-code
is [| «get-LBD-ref>
i dbd-int-assn® —, wint32-nat-assm

(proof)
lemma get-LBD-hnr(sepref-fr-rules|:

((get-LBD-code, get-LBD) € Ibd-assn® —, wint32-nat-assn)
(proof)

Marking more levels lemmas list-grow-alt = list-grow-def[unfolded op-list-grow-init’-def [symmetric]|
sepref-def [bd-write-code

is [| wwncurry lbd-ref-write)
= C[A(Ibd, ©). @ < Suc (wint32-mazx div 2)],
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Ibd-int-assn® x, wint32-nat-assn® — Ibd-int-assn)

{proof)

lemma [bd-write-hnr-[sepref-fr-rules]:
(uncurry Ibd-write-code, uncurry (RETURN oo lbd-write))
€ [A(lbd, 7). i < Suc (uint32-maz div 2)],
Ibd-assn? %, wint82-nat-assn® — Ibd-assn

(proof)

experiment begin

export-llvim
level-in-Ibd-code
Ibd-empty-code
empty-lbd-code
get-LBD-code
lbd-write-code

end

end

theory Version
imports Main

begin

This code was taken from IsaFoR and adapted to git.

local-setup ¢
let
val version =
trim-line (#1 (Isabelle-System.bash-output (cd $ISAFOL/ && git rev—parse ——short HEAD ||
echo unknown)))
m
Local-Theory.define
((binding wersion), NoSyn),
((binding wersion-def), []), HOLogic.mk-literal version)) #> #2
end
)

declare version-def [code]
end
theory IsaSAT-Watch-List

imports IsaSAT-Literals
begin
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Chapter 6

Refinement of the Watched Function

There is not much to say about watch lists since they are arrays of resizeable arrays, which are
defined in a separate theory.

However, when replacing the elements in our watch lists from (nat x wuint32) to (nat X
uwint32 x bool) to enable special handling of binary clauses, we got a huge and unexpected
slowdown, due to a much higher number of cache misses (roughly 3.5 times as many on a
eq.atree.braun.8.unsat.cnf which also took 66s instead of 50s). While toying with the generated
ML code, we found out that our version of the tuples with booleans were using 40 bytes instead
of 24 previously. Just merging the uint32 and the bool to a single uint64 was sufficient to get
the performance back.

Remark that however, the evaluation of terms like (2::uint64) ~ 32 was not done automatically
and even worse, was redone each time, leading to a complete performance blow-up (75s on my
macbook for eq.atree.braun.7.unsat.cnf instead of 7s).

None of the problems appears in the LLVM code.

6.1 Definition

definition map-fun-rel :: «((nat x 'key) set = ('b x 'a) set = ('b list x ('key = 'a)) setr where
map-fun-rel-def-internal:
(map-fun-rel D R = {(m, f). V(i, j)€D. i < length m A (m !4, fj) € Rp

lemma map-fun-rel-def:
(R)map-fun-rel D = {(m, f). V (i, j)€D. i < length m A (m ! i, fj) € Rp
{proof)

definition mop-append-ll :: 'a list list = nat literal = 'a = ’a list list nres where
(mop-append-ll zs i x = do {
ASSERT (nat-of-lit i < length xs);
RETURN (append-ll zs (nat-of-lit ©) z)
b

6.2 Operations

lemma length-ll-length-lI-f:
(uncurry (RETURN oo length-Ul), uncurry (RETURN oo length-ll-f)) €
AW, L). L €# Loy Ainly ((Id)ymap-fun-rel (Do Ain)) X, nat-lit-rel) —
(nat-rel) nres-rel)

{proof)
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lemma mop-append-1I:
(uncurry2 mop-append-ll, uncurry2 (RETURN ooo (AW ix. W(i:= WiQ [z]))) €
A(W, 9), z). i €# Loy Alp (Idymap-fun-rel (Dg A) x5 Id x; Id — ({Id)ymap-fun-rel (Dgy
A)ynres-rel
(proof)

definition delete-indez-and-swap-update :: ('a = 'b list) = 'a = nat = 'a = 'b listy where
(delete-index-and-swap-update W K w = W(K := delete-indez-and-swap (W K) w))

The precondition is not necessary.

lemma delete-index-and-swap-li-delete-index-and-swap-update:
(uncurry2 (RETURN ooo delete-indez-and-swap-l1), uncurry2 (RETURN ooo delete-indez-and-swap-update))
eN(W, L), ©). L €# Lay Aly ((Id)ymap-fun-rel (Dy A) x, nat-lit-rel) x, nat-rel —
({Id)map-fun-rel (Do A))nres-rel
(proof)

definition append-update :: ('a = 'b list) = 'a = 'b = 'a = 'b listh) where
(append-update W L a = W(L:= W (L) Q [a])

type-synonym nat-clauses-l = (nat list list)

Refinement of the Watched Function

definition watched-by-nth :: (nat twl-st-wl = nat literal = nat = nat watcher) where
(watched-by-nth = (\(M, N, D, NE, UE, NS, US, Q, W) Li. WL! i)

definition watched-app
2 ((nat literal = (nat watcher) list) = nat literal = nat = nat watcher) where
(watched-app M Li= ML! D

lemma watched-by-nth-watched-app:
(watched-by S K | w = watched-app ((snd o snd o snd o snd o snd o snd o snd o snd) S) K w

{proof)

lemma nth-ll-watched-app:
(uncurry2 (RETURN ooo nth-rll), uncurry2 (RETURN ooo watched-app)) €
A((W, L), 7). L €# (Lau A)ly (((Id)map-fun-rel (Dy A)) %, nat-lit-rel) X, nat-rel —
(nat-rel x, Id) nres-rel
{proof)

end
theory IsaSAT-Watch-List-LLVM

imports IsaSAT-Watch-List IsaSAT-Literals-LLVM
begin

type-synonym watched-wl-uint32
= «(64,(64 word x 32 word x 1 word),64)array-array-list)

abbreviation watcher-fast-assn = sintb4-nat-assn X, unat-lit-assn X, booll-assn

end
theory IsaSAT-Lookup-Conflict
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imports
IsaSAT-Literals
Watched-Literals. CDCL-Conflict- Minimisation
LBD
IsaSAT-Clauses
IsaSAT-Watch-List
IsaSAT-Trail

begin
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Chapter 7

Clauses Encoded as Positions

We use represent the conflict in two data structures close to the one used by the most SAT
solvers: We keep an array that represent the clause (for efficient iteration on the clause) and a
“hash-table” to efficiently test if a literal belongs to the clause.

The first data structure is simply an array to represent the clause. This theory is only about
the second data structure. We refine it from the clause (seen as a multiset) in two steps:

1. First, we represent the clause as a “hash-table”, where the i-th position indicates Some
True (respectively Some False, None) if Pos i is present in the clause (respectively Neg i,
not at all). This allows to represent every not-tautological clause whose literals fits in the
underlying array.

2. Then we refine it to an array of booleans indicating if the atom is present or not. This
information is redundant because we already know that a literal can only appear negated
compared to the trail.

The first step makes it easier to reason about the clause (since we have the full clause), while
the second step should generate (slightly) more efficient code.

Most solvers also merge the underlying array with the array used to cache information for the
conflict minimisation (see theory Watched-Literals. CDCL-Conflict-Minimisation, where we only
test if atoms appear in the clause, not literals).

As far as we know, versat stops at the first refinement (stating that there is no significant
overhead, which is probably true, but the second refinement is not much additional work anyhow
and we don’t have to rely on the ability of the compiler to not represent the option type on
booleans as a pointer, which it might be able to or not).

This is the first level of the refinement. We tried a few different definitions (including a direct
one, i.e., mapping a position to the inclusion in the set) but the inductive version turned out to
the easiest one to use.

inductive mset-as-position :: (bool option list = nat literal multiset = bool) where
empty:
(mset-as-position (replicate n None) {#} |
add:
(mset-as-position xzs' (add-mset L P)
if (mset-as-position xs Py and (atm-of L < length ) and (L ¢# P) and (—L ¢# P) and
s’ = xzs[atm-of L := Some (is-pos L)]

lemma mset-as-position-distinct-mset:
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(mset-as-position xs P =—> distinct-mset P)
(proof)

lemma mset-as-position-atm-le-length:
(mset-as-position xs P =—> L €# P — atm-of L < length xs

{proof)

lemma mset-as-position-nth:
(mset-as-position xs P = L €# P = xs ! (atm-of L) = Some (is-pos L)

{proof)

lemma mset-as-position-in-iff-nth:
(mset-as-position xs P = atm-of L < length xs = L €# P <— xs! (atm-of L) = Some (is-pos L)

(proof)

lemma mset-as-position-tautology: (mset-as-position xs C =—> —tautology C"

{proof)

lemma mset-as-position-right-unique:
assumes
map: (mset-as-position xs D) and
map’: (mset-as-position s D)

shows (D = D%
(proof)
lemma mset-as-position-mset-union:
fixes P zs
defines s’ = fold (AL xs. xs[atm-of L := Some (is-pos L)]) P xs
assumes

mset: (mset-as-position s P’ and
atm-P-zs: (VL € set P. atm-of L < length xs) and
uL-P: VL € set P. —L ¢# P’ and
dist: «distinct P) and
tauto: —tautology (mset P)
shows (mset-as-position xs' (mset P U# P')

{proof)

lemma mset-as-position-empty-iff: (mset-as-position xs {#} «— (I n. xs = replicate n None))

(proof)
type-synonym (in —) lookup-clause-rel = (nat x bool option list

definition lookup-clause-rel :: (nat multiset = (lookup-clause-rel x nat literal multiset) set) where
dookup-clause-rel A = {((n, zs), C). n = size C' N\ mset-as-position zs C' A
(V Leatms-of (Lan A). L < length xzs)}

lemma lookup-clause-rel-empty-iff: «((n, zs), C) € lookup-clause-rel A = n = 0 «+— C = {#}
(proof)

lemma conflict-atm-le-length: ((n, xs), C) € lookup-clause-rel A = L € atms-of (Lo A) =
L < length xs

{proof)

lemma conflict-le-length:
assumes
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c-rel: «((n, zs), C) € lookup-clause-rel A> and
L-La: (L c# Lo A
shows <atm-of L < length xs)

(proof)

lemma lookup-clause-rel-atm-in-iff:

((n, xs), C) € lookup-clause-rel A = L €# Loy A= L €# C <— asl(atm-of L) = Some (is-pos
L)

(proof)

lemma

assumes
¢ ((n,zs), C) € lookup-clause-rel A and
bounded: (isasat-input-bounded A

shows
lookup-clause-rel-not-tautolgy: (—tautology C)» and
lookup-clause-rel-distinct-mset: (distinct-mset C) and
lookup-clause-rel-size: iterals-are-in-L;, A C = size C < 1 + uint32-max div 2)

(proof)

definition option-bool-rel :: (bool x 'a option) sety where
(option-bool-rel = {(b, z). b +— —(is-None z)}

definition NOTIN :: <bool option) where
[simp]: (NOTIN = None

definition ISIN :: <bool = bool option) where
[simp]: (ISIN b = Some b

definition is-NOTIN :: (bool option = bool) where
[simp]: <is-NOTIN z <— = = NOTIN)

lemma is-NOTIN-alt-def:
(is-NOTIN x +— is-None x)

{proof)

definition option-lookup-clause-rel where
option-lookup-clause-rel A = {((b,(n,zs)), C). b = (C = None) A
(C = None — ((n,zs), {#}) € lookup-clause-rel A) N
(C # None — ((n,zs), the C) € lookup-clause-rel A)}
)

lemma option-lookup-clause-rel-lookup-clause-rel-iff :

(((False, (n, xs)), Some C) € option-lookup-clause-rel A +—
((n, zs), C) € lookup-clause-rel A

(proof)
type-synonym (in —) conflict-option-rel = bool x nat x bool option list

definition (in —) lookup-clause-assn-is-None :: (- = bool) where
dookup-clause-assn-is-None = (A(b, -, -). b)

lemma lookup-clause-assn-is-None-is-None:
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(RETURN o lookup-clause-assn-is-None, RETURN o is-None) €
option-lookup-clause-rel A — ¢ (bool-rel)nres-rel)

(proof)

definition (in —) lookup-clause-assn-is-empty :: (- = bool> where
dookup-clause-assn-is-empty = (A(-, n, -). n = 0)

lemma lookup-clause-assn-is-empty-is-empty:
(RETURN o lookup-clause-assn-is-empty, RETURN o (AD. Multiset.is-empty(the D))) €
[AD. D # Nonel; option-lookup-clause-rel A — (bool-rel)nres-rel)

{proof)

definition size-lookup-conflict :: - = nat) where
(size-lookup-conflict = (A(-, n, -). n)

definition size-conflict-wl-heur :: - = nat) where
(size-conflict-wl-heur = (A(M, N, U, D, -, -, -, -). size-lookup-conflict D))

lemma (in —) mset-as-position-length-not-None:
(mset-as-position 2 C = size C' = length (filter ((#%) None) z2)
(proof)

definition (in —) is-in-lookup-conflict where
ts-in-lookup-conflict = (A(n, xs) L. —is-None (zs | atm-of L))

lemma mset-as-position-remove:
(mset-as-position xs D = L < length zs =
mset-as-position (zs[L := None]) (removel-mset (Pos L) (removel-mset (Neg L) D))

(proof)

lemma mset-as-position-remove2:
(mset-as-position xs D = atm-of L < length zs —>
mset-as-position (zs[atm-of L := None]) (D — {#L, —L#})
(proof)

definition (in —) delete-from-lookup-conflict
2 (nat literal = lookup-clause-rel = lookup-clause-rel nres) where
(delete-from-lookup-conflict = (AL (n, xs). do {
ASSERT (n>1);
ASSERT (atm-of L < length xs);
RETURN (n — 1, zs[atm-of L := None))
b

lemma delete-from-lookup-conflict-op-mset-delete:
(uncurry delete-from-lookup-conflict, uncurry (RETURN oo removel-mset)) €
ML, D). =L ¢# D ANL €# Lou AN L €# D)y Id x ¢ lookup-clause-rel A —
(lookup-clause-rel A)nres-rels

{proof)

definition delete-from-lookup-conflict-pre where
(delete-from-lookup-conflict-pre A = (A(a, b). — a ¢# b A a €# Lo AN a €# b))

definition set-conflict-m
o ((nat, nat) ann-lits = nat clauses-l = nat = nat clause option = nat = lbd =
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out-learned = (nat clause option X nat x lbd x out-learned) nres)
where
set-conflict-m M N i - - - - =
SPEC (M(C, n, lbd, outl). C = Some (mset (Nxi)) A n = card-maz-lol M (mset (Noxi)) A
out-learned M C outl)

definition merge-conflict-m
o ((nat, nat) ann-lits = nat clauses-l = nat = nat clause option = nat = lbd =
out-learned = (nat clause option X nat x Ibd x out-learned) nres)
where
(merge-conflict-m M Ni¢ D - - - =
SPEC (MC, n, lbd, outl). C = Some (mset (tl (Noxi)) U# the D) A
n = card-maz-lol M (mset (tl (Noxi)) U# the D) A
out-learned M C outl)

definition merge-conflict-m-g
 mat = (nat, nat) ann-lits = nat clause-l = nat clause option =
(nat clause option x nat x lbd x out-learned) nres
where
(merge-conflict-m-g init M Ni D =
SPEC (MC, n, lbd, outl). C = Some (mset (drop init (Ni)) U# the D) A
n = card-maz-lvl M (mset (drop init (Ni)) U# the D) A
out-learned M C outl)

definition add-to-lookup-conflict :: <nat literal = lookup-clause-rel = lookup-clause-rel) where
(add-to-lookup-conflict = (AL (n, zs). (if xs | atm-of L = NOTIN then n + 1 else n,
xs[atm-of L := ISIN (is-pos L)]))

definition lookup-conflict-merge’-step
i «nat multiset = nat = (nat, nat) ann-lits = nat = nat = lookup-clause-rel = nat clause-l =
nat clause = out-learned = bool
where
(ookup-conflict-merge’-step A init M i clvls zs D C outl = (
let D' = mset (take (i — init) (drop init D));
E = remdups-mset (D' + C) in
((False, zs), Some E) € option-lookup-clause-rel A N
out-learned M (Some E) outl A
literals-are-in-L;, A E A clvls = card-maz-lvl M E)»

lemma option-lookup-clause-rel-update-None:
assumes (((Fualse, (n, zs)), Some D) € option-lookup-clause-rel A and L-zs : <L < length zs
shows (((False, (if zs!L = None then n else n — 1, zs|[L := Nonel)),
Some (D — {# Pos L, Neg L #})) € option-lookup-clause-rel A
(proof)

lemma add-to-lookup-conflict-lookup-clause-rel:
assumes
confl: «(((n, xs), C) € lookup-clause-rel A and
uL-C: (=L ¢# C)> and
L-La: (L €# Loy A
shows ((add-to-lookup-conflict L (n, xs), {#L#} U# C) € lookup-clause-rel A
(proof)
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definition outlearned-add
it (nat,nat)ann-lits = nat literal = nat x bool option list = out-learned = out-learned) where
(outlearned-add = (AM L zs outl.
(if get-level M L < count-decided M A —is-in-lookup-conflict zs L then outl Q [L]
else outl)))

definition clvls-add
i ((nat,nat)ann-lits = nat literal = nat x bool option list = nat = nat) where
(clls-add = (AM L 2zs cluls.
(if get-level M L = count-decided M A —is-in-lookup-conflict zs L then clvls + 1
else clvls))

definition lookup-conflict-merge
 (nat = (nat,nat)ann-lits = nat clause-l = conflict-option-rel = nat = Ibd =
out-learned = (conflict-option-rel x nat X lbd x out-learned) nres

where
(ookup-conflict-merge init M D = (A\(b, zs) clvls Ibd outl. do {
(-, cluls, zs, Ibd, outl) + WH[LET)\(i::nat, clvls :: nat, zs, lbd, outl). length (snd zs) = length (snd zs) N\

(A(i = nat, clvls, zs, lbd, outl). i < length-uint32-nat D)

(A(7 :: nat, clvls, zs, lbd, outl). do {
ASSERT (i < length-uint32-nat D);
ASSERT (Suc i < wint32-mazx);
let Ibd = Ibd-write Ibd (get-level M (D!7));
ASSERT (—is-in-lookup-conflict zs (D!i) — length outl < wint32-mazx);
let outl = outlearned-add M (D7) zs outl;
let clvls = clvls-add M (D7) zs cluls;
let zs = add-to-lookup-conflict (D!3) zs;
RETURN (Suc i, clls, zs, lbd, outl)

1)

(init, clols, zs, lbd, outl);

RETURN ((False, zs), cluls, lbd, outl)
b

definition resolve-lookup-conflict-aa
i ((nat,nat)ann-lits = nat clauses-l = nat = conflict-option-rel = nat = lbd =
out-learned = (conflict-option-rel x nat x lbd x out-learned) nres)
where
(resolve-lookup-conflict-aa M N i zs clvls Ibd outl =
lookup-conflict-merge 1 M (N o i) xs clvls lbd outh

definition set-lookup-conflict-aa
o (nat,nat)ann-lits = nat clauses-l = nat = conflict-option-rel = nat = bd =
out-learned =(conflict-option-rel X nat x lbd X out-learned) nres
where
(set-lookup-conflict-aa M C' i xs clvls lbd outl =
lookup-conflict-merge 0 M (Cxi) zs clols Ibd outl

definition isa-outlearned-add
2 (trail-pol = nat literal = nat X bool option list = out-learned = out-learned)> where
tsa-outlearned-add = (AM L zs outl.
(if get-level-pol M L < count-decided-pol M A —is-in-lookup-conflict zs L then outl @ [L]
else outl)))

lemma isa-outlearned-add-outlearned-add:
(M', M) € trail-pol A= L €# Loy A =
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isa-outlearned-add M’ L zs outl = outlearned-add M L zs outh
(proof)

definition isa-clvls-add
2 (trail-pol = nat literal = nat X bool option list = nat = nat) where
tisa-clvls-add = (AM L zs clvls.
(if get-level-pol M L = count-decided-pol M N —is-in-lookup-conflict zs L then clvls + 1
else clvls))

lemma isa-clvls-add-clvls-add:
(M', M) € trail-pol A= L €# Lo A=
isa-clvls-add M’ L zs outl = clvis-add M L zs out
(proof)

definition isa-lookup-conflict-merge
: (nat = trail-pol = arena = nat = conflict-option-rel = nat = lbd =
out-learned = (conflict-option-rel x nat x lbd x out-learned) nres
where
tsa-lookup-conflict-merge init M N i = (A(b, zs) clvls Ibd outl. do {
ASSERT( arena-is-valid-clause-idz N 7);

(-, clvls, zs, Ibd, outl) « WHILET/\(i::nat7 cluls :: nat, zs, lbd, outl). length (snd zs) = length (snd zs) A

(A(J = nat, clols, zs, Ibd, outl). j < i + arena-length N 7)
(A(F =2 nat, cluls, zs, Ibd, outl). do {

ASSERT(j < length N);

ASSERT (arena-lit-pre N j);

ASSERT (get-level-pol-pre (M, arena-lit N j));

ASSERT (get-level-pol M (arena-lit N j) < Suc (uint32-max div 2));
let Ibd = Ibd-write Ibd (get-level-pol M (arena-lit N j));
ASSERT (atm-of (arena-lit N j) < length (snd zs));

ASSERT (—is-in-lookup-conflict zs (arena-lit N j) — length outl < wint32-max);
let outl = isa-outlearned-add M (arena-lit N j) zs outl;
let clvls = isa-clvls-add M (arena-lit N j) zs cluls;
let zs = add-to-lookup-conflict (arena-lit N j) zs;
RETURN (Suc j, clvls, zs, lbd, outl)

1)

(i4init, clvls, xs, lbd, outl);

RETURN ((False, zs), cluls, lbd, outl)
by

lemma isa-lookup-conflict-merge-lookup-conflict-merge-ext:
assumes valid: (valid-arena arena N vdom) and i: i €# dom-m N> and
lits: diterals-are-in-L;n-mm A (mset ‘# ran-mf N))» and
brs: «((b, zs), C) € option-lookup-clause-rel A and
M'M: (M', M) € trail-pol A and
bound: (isasat-input-bounded A
shows
(isa-lookup-conflict-merge init M' arena i (b, zs) clvls Ibd outl < |} Id
(lookup-conflict-merge init M (N o ) (b, zs) clvls Ibd outl)
(proof)

lemma (in —) arena-is-valid-clause-idz-le-uint64-maz:
(arena-is-valid-clause-idx be bd —
length be < wintb4-mar —
bd + arena-length be bd < wint64-max)
(arena-is-valid-clause-idxr be bd = length be < wint64-maxr —>
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bd < wint64-max)
(proof)

definition isa-set-lookup-conflict-aa where
(isa-set-lookup-conflict-aa = isa-lookup-conflict-merge 0>

definition isa-set-lookup-conflict-aa-pre where
(isa-set-lookup-conflict-aa-pre =
(/\((((((M7 N)7 Z)a (_7 IS))a _)7 _)7 OUt)' i < length N)>

lemma lookup-conflict-merge’-spec:
assumes
o: «((b, n, zs), Some C) € option-lookup-clause-rel A and
dist: «distinct D) and
lits: diterals-are-in-L;y, A (mset D)) and
tauto: —tautology (mset D)) and
lits-C': (literals-are-in-L;,, A C) and
(clvls = card-maz-lvl M C) and
CD: (\L. L € set (drop init D) = —L ¢# () and
Suc init < uwint32-max) and
(out-learned M (Some C) outl) and
bounded: isasat-input-bounded A
shows
dookup-conflict-merge init M D (b, n, zs) clvls lbd outl <
| (option-lookup-clause