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Chapter 1

More Standard Theorems

This chapter contains additional lemmas built on top of HOL. Some of the additional lemmas
are not included here. Most of them are too specialised to move to HOL.

1.1 Transitions

This theory contains some facts about closure, the definition of full transformations, and well-
foundedness.

theory Wellfounded-More

imports Main

begin

1.1.1 More theorems about Closures

This is the equivalent of the theorem rtranclp-mono for tranclp

lemma tranclp-mono-explicit:
Tt ab=r<s= st ab
using rtranclp-mono by (auto dest!: tranclpD intro: rtranclp-into-tranclp2)

lemma tranclp-mono:
assumes mono: (r < 8
shows (rt1 < st
using rtranclp-mono[ OF mono] mono by (auto dest!: tranclpD intro: rtranclp-into-tranclp2)

lemma tranclp-idemp-rel:
(RY¥ Tttt ab+— Rt a b

apply (rule iffI)
prefer 2 apply blast
by (induction rule: tranclp-induct) auto

Equivalent of the theorem rtranclp-idemp

lemma trancl-idemp: (r*)* = r*)
by simp

lemmas tranclp-idemp[simp] = trancl-idemp|to-pred]

This theorem already exists as theroem Nitpick.rtranclp-unfold (and sledgehammer uses it), but



it makes sense to duplicate it, because it is unclear how stable the lemmas in the ~~/src/HOL/
Nitpick.thy theory are.

lemma rtranclp-unfold: (rtranclp r a b <— (a = b V tranclp v a b))
by (meson rtranclp.simps rtranclpD tranclp-into-rtranclp)

lemma tranclp-unfold-end: (tranclp r a b +— (Fa’. rtranclp r a a’ A v a’ b))
by (metis rtranclp.rtrancl-refl rtranclp-into-tranclp1 tranclp.cases tranclp-into-rtranclp)

Near duplicate of theorem tranclpD:

lemma tranclp-unfold-begin: tranclp r a b +— (3a’. r a a’ A rtranclp r a’ b)
by (meson rtranclp-into-tranclp2 tranclpD)

lemma trancl-set-tranclp: (a, b) € {(b,a). P a b}t +— Pt b w
apply (rule iffT)
apply (induction rule: trancl-induct; simp)
apply (induction rule: tranclp-induct; auto simp: trancl-into-trancl?2)
done

lemma tranclp-rtranclp-rtranclp-rel: (RYT** a b <— R** a b
by (simp add: rtranclp-unfold)

lemma tranclp-rtranclp-rtranclp|simp|: (RTT** = R**)
by (fastforce simp: rtranclp-unfold)

lemma rtranclp-exists-last-with-prop:
assumes (R = 2> and (R** z z" and (P = 2
shows Ay y  R** 2y ARyy' " APyy AN(Aab. RabA—-Pab)** y' 2}
using assms(2,1,3)
proof induction
case base
then show ?case by auto
next
case (step z’ z'’) note z = this(2) and IH = this(3)[OF this(4—5)]
show ?Zcase
apply (cases <P z' 2'h)
apply (rule exI[of - 2'], rule exI[of - 2"])
using z assms(1) step.hyps(1) step.prems(2) apply (auto; fail)[1]
using IH z by (fastforce intro: rtranclp.rtrancl-into-rtrancl)
qed

lemma rtranclp-and-rtranclp-left: (A ab. PabA Qab)** ST = P* ST
by (induction rule: rtranclp-induct) auto

1.1.2 Full Transitions

Definition We define here predicates to define properties after all possible transitions.

abbreviation (input) no-step :: (‘a = 'b = bool) = 'a = bool where
no-step step S =V S'. —step S S’

definition fulll :: ('a = 'a = bool) = 'a = 'a = bool where
fulll transf = (AS S'. tranclp transf S S’ A no-step transf S

definition full:: (a = 'a = bool) = ’'a = 'a = bool where
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full transf = (AS S'. rtranclp transf S S’ A no-step transf S')

We define output notations only for printing (to ease reading):

notation (output) fulll (-T4)
notation (output) full (-+)

Some Properties lemma rtranclp-fullil:
(R** a b= fulll Rbc—=— fulll Rao
unfolding fulll-def by auto

lemma tranclp-fullll:
(R™Y ab= fulll Rbc= fulll Ra o
unfolding fulll-def by auto

lemma rtranclp-fulll:
(R ab= full Rbc= full R a ©
unfolding full-def by auto

lemma tranclp-full-fullll:
(R™Y ab= fullRbc= fulll Ra o
unfolding full-def fulll-def by auto

lemma full-fulll:
(Rab= fullRbc= fulll Ra o
unfolding full-def fulll-def by auto

lemma full-unfold:
ullr S S" +— ((S = 8" A no-step v S') V fulll 7§ S')
unfolding full-def fulll-def by (auto simp add: rtranclp-unfold)

lemma fulll-is-full[intro: <fulll R S T = full R § T»
by (simp add: full-unfold)

lemma not-fulll-rtranclp-relation: —fulll R** a b
by (auto simp: fulll-def)

lemma not-full-rtranclp-relation: —full R** a b
by (auto simp: full-def)

lemma fulll-tranclp-relation-full:
(fulll Rt a b +— fulll R a b
by (metis converse-tranclpE fulll-def reflclp-tranclp rtranclpD rtranclp-idemp rtranclp-reficlp
tranclp.r-into-trancl tranclp-into-rtranclp)

lemma full-tranclp-relation-full:
(full R*™™ a b +— full R a b
by (metis full-unfold fulll-tranclp-relation-full tranclp.r-into-trancl tranclpD)

lemma tranclp-fulll-fulll:
(fulll R)™ a b +— fulll R ab
by (metis (mono-tags) fulll-def predicate2l tranclp.r-into-trancl tranclp-idemp
tranclp-mono-explicit tranclp-unfold-end)

lemma rtranclp-fulll-eq-or-fulll:
(fulll R)** a b<— (a=>bV fulll R abd)



unfolding rtranclp-unfold tranclp-fulll-fulll by simp

lemma no-step-full-iff-eq:
mo-step RS = full RS T +— S="17
unfolding full-def
by (meson rtranclp.rtrancl-refl rtranclpD tranclpD)

1.1.3 Well-Foundedness and Full Transitions

lemma wf-exists-normal-form:
assumes wf: «wf {(z, y). Ry zh
shows (3b. R** a b A no-step R b
proof (rule ccontr)
assume (— ?thesis)
then have H: (A\b. = R** a b V —no-step R b
by blast
define F' where (F' = rec-nat a (Ai b. SOME c¢. R b ¢)
have [simp]: (F 0 = @
unfolding F-def by auto
have [simp]: (\i. F (Suc i) = (SOME b. R (F'7) b)
unfolding F-def by simp
{ fix ¢
have Vj<i. R (F j) (F (Suc j))
proof (induction 7)
case (
then show ?case by auto
next
case (Suc 17)
then have (R** a (F @)
by (induction ) auto
then have (R (F' i) (SOME b. R (F i) b)
using H by (simp add: somel-ex)
then have Vj < Suc i. R (F j) (F (Suc j))
using H Suc by (simp add: less-Suc-eq)
then show ?case by fast
qed
}
then have Vj. R (F j) (F (Suc j)) by blast
then show Fulse
using wf unfolding wfP-def wf-iff-no-infinite-down-chain by blast
qed

lemma wf-exists-normal-form-full:
assumes wf: wf {(z, y). Ry azh

shows 3b. full R a b
using wf-ezists-normal-form|[OF assms] unfolding full-def by blast

1.1.4 More Well-Foundedness

A little list of theorems that could be useful, but are hidden:

e link between wf and infinite chains: theorems wf-iff-no-infinite-down-chain and wf-no-infinite-down-chain.

lemma wf-if-measure-in-wf:
wf R = (Aab. (a,b) € S = (v a, v b)ER) = wf S
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by (metis in-inv-image wfE-min wfl-min wf-inv-image)

lemma wfP-if-measure: fixes [ :: ‘a = nat
shows (Azy. Pz = goy = fy < fz) = wf {(y,z). Pz A gzy}p
apply (insert wf-measure|of f])
apply (simp only: measure-def inv-image-def less-than-def less-eq)
apply (erule wf-subset)
apply auto
done

lemma wf-if-measure-f:
assumes (wf r
shows «wf {(b, a). (fb, fa) € rp
using assms by (metis inv-image-def wf-inv-image)

lemma wf-wf-if-measure’:
assumes wf m and H: (A\zy. Pz = gzy = (fy, fz) €
shows wf {(y,z). Pz A gz yh

proof —
have «wf {(b, a). (f b, fa) € r}) using assms(1) wf-if-measure-f by auto
then have «wf {(b, a). PaAgabA (fb, fa)e€rh

using wf-subset[of - {(b, a). Pa AN gabA (fb, fa)€

moreover have ({(b, a). PaAgabA (fb, fa)€r} C
moreover have ({(b, a). Pa A gabA (fb, fa) er} =
ultimately show ?thesis using wf-subset by simp

qed

rp] by auto

]
{(b, a). (fb, fa) € rp by auto
{(b, a). P a A g a b} using H by auto

lemma wf-lex-less: «wf (lex less-than)
by (auto simp: wf-less)

lemma wfP-if-measure2: fixes f :: (a = nab)
shows (Azy. Przy = gz y = fz < fy) = wf {(z,y). PzyANgzyp
apply (insert wf-measure|of f])
apply (simp only: measure-def inv-image-def less-than-def less-eq)
apply (erule wf-subset)
apply auto
done

lemma lexord-on-finite-set-is-wf:
assumes
P-finite: \AN\U. PU — U € A and
finite: (finite A> and
wf: «wf Ry and
trans: (trans R)
shows «wf {(T, S). (PSANPT)N(T,S) € lexord R}
proof (rule wfP-if-measure2)
fix TS
assume P: <P S A P T) and
s-le-t: (T, S) € lexord R
let 2f = \S. {U. (U, S) € lexord RANPUANPShH
have (?f T C ?2f S
using s-le-t P lexord-trans trans by auto
moreover have (T € 7f S
using s-le-t P by auto
moreover have (T ¢ ?f T
using s-le-t by (auto simp add: lexord-irreflexive local.wf)



ultimately have {U. (U, T) € lexord RAPUANP T} C{U.(U,S)€lezord R\PUANPSH
by auto
moreover have «finite {U. (U, S) € lexord RN P U AP Sh
using finite by (metis (no-types, lifting) P-finite finite-subset mem-Collect-eq subsetl)
ultimately show <card (?f T) < card (?f S) by (simp add: psubset-card-mono)
qed

lemma wf-fst-wf-pair:
assumes wf {(M', M). R M’ M}
shows «wf {((M', N'), (M, N)). R M' M}
proof —
have «wf ({(M’', M). R M’ M} <xlexx> {})
using assms by auto
then show ?thesis
by (rule wf-subset) auto
qed

lemma wf-snd-wf-pair:
assumes wf {(M', M). R M' M})»
shows «wf {((M’, N'), (M, N)). R N' N}
proof —
have wf: «wf {(M’', N'), (M, N)). R M' M}
using assms wf-fst-wf-pair by auto
then have wf: (AP. (Vz. (Vy. (y, z) € {(M’, N'), M, N). RM' M} — Py) — Pz) = All P
unfolding wf-def by auto
show ?thesis
unfolding wf-def
proof (intro alll impl)
fix P :: (¢ X 'a = bool and z :: (¢ X 'w
assume H: &Vz. (Vy. (y,z) € {((M', N), M, y). RN'"y} — Py) — Pm
obtain a b where z: (x = (a, b)) by (cases x)
have P: <Pz = (P o (A(a, b). (b, a))) (b, a)
unfolding z by auto
show (P o
using wf[of (P o (A(a, b). (b, a)))] apply rule
using H apply simp
unfolding P by blast
qed
qed

lemma wf-if-measure-f-notation2:
assumes (wf ™
shows «wf {(b, h a)|b a. (fb, f (ha)) €rp
apply (rule wf-subset)
using wf-if-measure-f[OF assms, of f] by auto

lemma wf-wf-if-measure’-notation2:
assumes (wf m and H: (A\zy. Pz = gzy = (fy,f (h2)) €N
shows wf {(y,hz)| yz. Pz A gzyh
proof —
have «wf {(b, h a)|b a. (fb, f (h a)) € v} using assms(1) wf-if-measure-f-notation2 by auto
then have wf {(b, ha)lba. PaAgabA (fb, f (ha))erh
using wf-subset[of - {(b, ha)l ba. PaANgabA (fb, f (ha))€rp] by auto
moreover have ({(b, ha)lba. PaANgabA (fb, f (ha))€r}
C{(b, ha)lba. (fb, f (ha)) €rh by auto
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moreover have {(b, ha)lba. PaAgabA (fb,f(ha))er}={(0b ha)lba PaAgabp
using H by auto
ultimately show ?thesis using wf-subset by simp
qed

lemma power-ex-decomp:
assumes (R"n) S D
shows
Af.fo=SANfn=TAWNi.i<n— R(fi) (f (Suci)))
using assms
proof (induction n arbitrary: T)
case (
then show <(?case) by auto
next
case (Suc n) note IH = this(1) and R = this(2)
from R obtain T’ where
ST: (R™n) S T) and
T'T- RT'T
by auto
obtain f where
[simp]: «f 0 = S» and
[simp]: «fn = T’ and
H: (N\i.i <n= R (fi) (f (Suci))
using [H[OF ST] by fast
let ?f = «f(Sucn:=T)
show ?Zcase
by (rule exI|of - ?f])
(use H ST T'T in auto)
qed

The following lemma gives a bound on the maximal number of transitions of a sequence that is
well-founded under the lexicographic ordering lexn on natural numbers.

lemma lexn-number-of-transition:
assumes
le: (Ni. i < n= ((f (Suci)), (f7)) € lexn less-than m> and
upper: (N\ij. i <n=j<m= (fi)!je {0.<k}p and
(finite A> and
k: k> 1
shows (n < k ™ Suc m»
proof —
define r where
(rax = zip x (map (Ai. k&~ (length x —1)) [0..<length z])) for x :: (nat list)

define s where
(s x = foldr (Aa b. a + b) (map (A(a, b). a x b) z) O) for x :: (nat x nat) list)

have [simp]: «r [| = [ <[] = O
by (auto simp: r-def s-def)

have upt”: «m > 0 = [0..< m] = 0 # map Suc [0..< m — 1] for m
by (auto simp: map-Suc-upt upt-conv-Cons)

have upt”: «<m > 0 = [0..< m] = [0..< m — 1] @ [m—1) for m
by (cases m) (auto simp: )

have Cons: «r (z # xs) = (z, k™ (Suc (length xs))) # (r xs)) for z xs
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unfolding r-def

apply (subst upt’)

apply (clarsimp simp add: upt'' comp-def nth-append Suc-diff-le simp flip: zip-map2)
apply (clarsimp simp add: upt’’ comp-def nth-append Suc-diff-le simp flip: zip-map?2)
done

have [simp]: (s (ab # xs) = fst ab * snd ab + s zs) for ab xs
unfolding s-def by (cases ab) auto

have le2: «(Va € set b. a < k) = (k= (Suc (length b))) > s ((r b)) for b
apply (induction b arbitrary: f)
using k apply (auto simp: Cons)
apply (rule order.strict-trans1)
apply (rule-tac j = (k — 1) = k =k ~ length b in Nat.add-le-monol)
subgoal for a b
by auto
apply (rule order.strict-trans2)
apply (rule-tac b = «(k — 1) * k x k " length by and d = «(k x k ~ length b)) in add-le-less-mono)
apply (auto simp: mult.assoc comm-semiring-1-class.semiring-normalization-rules(2))
done

have s (r (f (Suc 7)) < s (r (f9)) if & < n for ¢
proof —
have i-n: (Suc i < n @ < n
using that by auto
have length: dength (f i) = m) dength (f (Suc ©)) = m»
using le[OF that] by (auto dest: lexn-length)
define zs and ys where s = f o and (ys = f (Suc i)

show ?thesis
using le[OF that] upper|OF i-n(2)] upper[OF i-n(1)] length Cons
unfolding zs-def[symmetric] ys-def[symmetric]
proof (induction m arbitrary: xs ys)
case () then show ?case by auto
next
case (Suc m) note IH = this(1) and H = this(2) and p = this(3—)
have IH: «(tl ys, tl zs) € lexn less-than m = s (r (tl ys)) < s (r (¢t xs))
apply (rule IH)
subgoal by auto
subgoal for i using p(1)[of (Suc i) p by (cases xs; auto)
subgoal for i using p(2)[of Suc 0] p by (cases ys; auto)
subgoal using p by (cases zs) auto
subgoal using p by auto
subgoal using p by auto
done
have «s (r (tl ys)) < k = (Suc (length (tl ys)))
apply (rule le2)
unfolding all-set-conv-all-nth
using p by (simp add: nth-tl)
then have (b x (k x k ~ length (tl ys)) + s (r (H ys)) <
ab x (k x k ~ length (tl ys)) + (k * k ~ length (tl ys))) for ab
by auto
also have «... ab < (ab+ 1) * (k x k ~ length (tl ys)) for ab
by auto
finally have less: ab < ac = ab * (k x k ~ length (tl ys)) + s (r (tl ys)) <
ac x (k = k ~ length (tl ys)) for ab ac
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proof —
assume al: Aab. ab * (k x k " length (tl ys)) + s (r (tl ys)) <
(ab + 1) % (k * k ~ length (tl ys))
assume ab < ac
then have — ac * (k * k ~length (tl ys)) < (ab + 1) * (k = k ~ length (tl ys))
by (metis (no-types) One-nat-def Suc-lel add.right-neutral add-Suc-right
mult-less-cancel2 not-less)
then show %thesis
using al by (meson le-less-trans not-less)
qed

have (ab < ac =
ab x (k= k " length (t ys)) + s (r (tl ys))
< ac * (k= k " length (tl zs)) + s (r (¢ zs))> for ab ac
using less[of ab ac] p by auto
then show ?case
apply (cases xs; cases ys)
using IH H p(3—5) by auto
qged
qged
then have (i<n = s (r (f7)) + ¢ < s (r (f0)) for ¢
apply (induction i)
subgoal by auto
subgoal premises p for ¢
using p(3)[of @—1)] p(1,2)
apply auto
by (meson Nat.le-diff-conv2 Suc-lel Suc-le-lessD add-leD2 less-diff-conv less-le-trans p(3))
done
from this[of n] show (n < k ~ Suc m)
using le2[of «f 0v] upper[of 0] k
using le[of 0] apply (cases (n = )
by (auto dest!: lexn-length simp: all-set-conv-all-nth eq-commute[of - m])
qed

end
theory WB-List-More
imports Nested-Multisets-Ordinals. Multiset-More HOL— Library. Finite-Map
HOL- Eisbach. Fisbach
HOL- Eisbach. Eisbach-Tools
begin

This theory contains various lemmas that have been used in the formalisation. Some of them
could probably be moved to the Isabelle distribution or Nested-Multisets-Ordinals. Multiset-More.

More Sledgehammer parameters

1.2 Various Lemmas

1.2.1 Not-Related to Refinement or lists

Unlike clarify /auto/simp, this does not split tuple of the form 3 7. P T in the assumption. After
calling it, as the variable are not quantified anymore, the simproc does not trigger, allowing to
safely call auto/simp/...

method normalize-goal =

13



(match premises in

J[thin]: Gz. - = <rule exE[OF J)
| J[thin]: - A - = rule conjE[OF J)»
)

Close to the theorem nat-less-induct ((An. Vm<n. ?P m — ¢P n) = ?P ?n), but with a
separation between the zero and non-zero case.

lemma nat-less-induct-case[case-names 0 Suc]:
assumes
(P 0) and
(An. (Vm < Suc n. Pm) = P (Suc n)
shows (P n)
apply (induction rule: nat-less-induct)
by (rename-tac n, case-tac n) (auto intro: assms)

This is only proved in simple cases by auto. In assumptions, nothing happens, and the theo-
rem if-split-asm can blow up goals (because of other if-expressions either in the context or as
simplification rules).

lemma if-0-1-ge-0[simp]:
(0 < (if P then a else (0::nat)) «— P AN 0 < @
by auto

lemma bez-less]: Pj = j < n = 3Jj<n. Pj
by auto

lemma bez-gtI: Pj = j > n = Jj>n. Pj
by auto

lemma bez-gel: Pj— j > n = 3j>n. Pj
by auto

lemma bez-lel: Pj = j < n = 3dj<n. Pj
by auto

Bounded function have not yet been defined in Isabelle.

definition bounded :: ('a = 'b::ord) = bool where
bounded f +— (3b. ¥V n. fn < b))

abbreviation unbounded :: (("a = 'b::ord) = bool) where
unbounded f = — bounded [

lemma not-bounded-nat-exists-larger:
fixes f :: <nat = nab
assumes unbound: (unbounded f>
shows dn. fn>m A n > ny
proof (rule ccontr)
assume H: (— ?thesis)
have «finite {f n|n. n < noh
by auto
have (An. fn < Maz ({f n|n. n < no} U {m})
apply (case-tac <n < ngy)
apply (metis (mono-tags, lifting) Maz-ge Un-insert-right (finite {f n |n. n < no}p
finite-insert insertCI mem-Collect-eq sup-bot.right-neutral)
by (metis (no-types, lifting) H Max-less-iff Un-insert-right (finite {f n |n. n < no}h
finite-insert insertll insert-not-empty lel sup-bot.right-neutral)
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then show Fulse
using unbound unfolding bounded-def by auto
qed

A function is bounded iff its product with a non-zero constant is bounded. The non-zero
condition is needed only for the reverse implication (see for example £k = 0 and f = (\i. @) for
a counter-example).

lemma bounded-const-product:
fixes k :: nat and f :: (nat = nad
assumes & > )
shows (bounded f +— bounded (\i. k x f i)
unfolding bounded-def apply (rule iffT)
using mult-le-mono2 apply blast
by (metis Suc-lel add.right-neutral assms mult.commute mult-0-right mult-Suc-right mult-le-mono
nat-mult-le-cancell )

lemma bounded-const-add:
fixes k :: nat and f :: (nat = nab
assumes &k > ()
shows (bounded f +— bounded (N\i. k + f i)
unfolding bounded-def apply (rule iffI)
using nat-add-left-cancel-le apply blast
using add-leFE by blast

This lemma is not used, but here to show that property that can be expected from bounded
holds.

lemma bounded-finite-linorder:
fixes f :: Cazfinite = 'b :: {linorder}
shows (bounded f)
proof —
have «(finite (f ¢ UNIV)
by simp
then have (A\z. f 2 < Maz (f * UNIV))
by (auto intro: Maz-ge)
then show ?thesis
unfolding bounded-def by blast
qed

1.3 More Lists

1.3.1 set, nth, tl

lemma ex-gel: (Pn = n>m =— dn>m. Pn
by auto

lemma Ball-atLeastLess Than-iff: «(¥ Le{a..<b}. PL) +— (VL. L>aANL<b— PL))
unfolding set-nths by auto

lemma nth-in-set-tl: < > 0 = i < length xs => xs | ¢ € set (¢ zs))
by (cases zs) auto

lemma tl-drop-def: (tl N = drop 1 N)
by (cases N) auto

lemma in-set-removelD:
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(a € set (removel x xs) = a € set s
by (meson notin-set-removel)

lemma take-length-take While-eq-take While:
(take (length (takeWhile P xs)) zs = takeWhile P xs
by (induction zs) auto

lemma fold-cons-replicate: fold (A- xs. a # xs) [0..<n] xs = replicate n a Q )
by (induction n) auto

lemma Collect-minus-single-Collect: {x. Pz} — {a} ={z. Pz Az # a}
by auto

lemma in-set-image-subsetD: ( f ‘A C B=— x € A —=fz € B
by blast

lemma mset-tl:
(mset (tl xs) = removel-mset (hd xs) (mset xs)
by (cases zs) auto

lemma hd-list-update-If:
outl’ # [| = hd (outl’[i :== w]) = (if i = 0 then w else hd outl’)
by (cases outl’) (auto split: nat.splits)

lemma list-update-id":
@=uas!i= as[i = z] = x9
by auto

This lemma is not general enough to move to Isabelle, but might be interesting in other cases.

lemma set-Collect- Pair-to-fst-snd:

d((a, b), (a’, b). P aba’ b}y ={(e, f). P (fst e) (snde) (fst f) (snd f)p
by auto

lemma butlast-Nil-iff: butlast xs = [| «— length xs = 1 V length zs = )
by (cases zs) auto

lemma Set-remove-diff-insert: <a € B — A = B — Set.remove a A = insert a (B — A)
by auto

lemma Set-insert-diff-remove: (B — insert a A = Set.remove a (B — A)
by auto

lemma Set-remove-insert: (o ¢ A’ = Set.remove a (insert a A') = A"
by (auto simp: Set.remove-def)

lemma diff-eq-insertD:
(B— A=tinserta A’ = a € B
by auto

lemma in-set-tID: «x € set (tl zs) = x € set
by (cases zs) auto

This lemmma is only useful if set zs can be simplified (which also means that this simp-rule
should not be used...)

lemma (in —) in-list-in-setD: xs = it Q x # 0 = z € sel ©9
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by auto

lemma Collect-eq-comp”: « {(z, y). Pz y} O {(¢, a). ¢ = fa} = {(z, a). Pz (fa)p
by auto

lemma (in —) filter-disj-eq:
{zeAd PzvQat={zxec A Pz} U{zec A Quzp
by auto

lemma zip-cong:
(Ai. © < min (length zs) (length ys) = (zs !4, ys 1 i) = (as’' 1 4, ys' ! {)) =
length xs = length s’ = length ys = length ys' = zip xs ys = zip xs’ ys"
proof (induction s arbitrary: zs’ ys' ys)
case Nil
then show ?Zcase by auto
next
case (Cons z zs xs' ys’ ys) note IH = this(1) and eq = this(2) and p = this(3—)
thm IH
have «zip zs (tl ys) = zip (¢l zs") (¢l ys’)) for i
apply (rule IH)
subgoal for i
using p eq[of «Suc »] by (auto simp: nth-tl)
subgoal using p by auto
subgoal using p by auto
done
moreover have (hd s’ = 1 (hd ys = hd ys) if ys # [
using eq[of 0] that p[symmetric] apply (auto simp: hd-conv-nth)
apply (subst hd-conv-nth)
apply auto
apply (subst hd-conv-nth)
apply auto
done
ultimately show ?Zcase
using p by (cases zs’; cases ys'; cases ys)
auto
qed

lemma zip-cong2:

(Ai. © < min (length zs) (length ys) = (zs !4, ys 1 9) = (ws' 1 i, ys' 1 1)) =
length zs = length xs' = length ys < length ys' = length ys > length s —
2ip 18 ys = zip x5’ ysh

proof (induction xs arbitrary: zs’ ys’ ys)
case Nil
then show ?Zcase by auto
next
case (Cons = xs zs’ ys' ys) note IH = this(1) and eq = this(2) and p = this(3—)
have «zip zs (tl ys) = zip (¢l zs”) (tl ys’)) for i
apply (rule IH)
subgoal for
using p eq[of «Suc D] by (auto simp: nth-tl)
subgoal using p by auto
subgoal using p by auto
subgoal using p by auto
done
moreover have hd zs’ = ©» (hd ys = hd ys) if «ys # [
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using eq[of 0] that p apply (auto simp: hd-conv-nth)
apply (subst hd-conv-nth)
apply auto
apply (subst hd-conv-nth)
apply auto
done
ultimately show ?Zcase
using p by (cases zs’; cases ys'; cases ys)
auto
qed

1.3.2 List Updates

lemma tl-update-swap:
G@>1=tl (N[i:=C]) =@ N)i—1:=C)
by (auto simp: drop-Suc[of 0, symmetric, simplified] drop-update-swap)

lemma tl-update-0[simpl: <tl (N[0 := z]) = t{ N»
by (cases N) auto

declare nth-list-update[simp]

This a version of ?i < length ?xs = %xs[%i := ?z] | 2j = (if %0 = ?j then ?z else ?zs | ?j) with
a different condition (j instead of 7). This is more useful in some cases.

lemma nth-list-update-le’[simp):
J < length s = (xs[i:=x])lj = (if i = j then x else zslj)
by (induct zs arbitrary: i j) (auto simp add: nth-Cons split: nat.split)

1.3.3 Take and drop

lemma take-2-if:
(take 2 C = (if C =[] then [] else if length C' = 1 then [hd C] else [C'0, C'1])
by (cases C; cases tl C) auto

lemma in-set-take-conv-nth:
@ € set (take n xs) +— (Im<min n (length xs). zs ! m = z))
by (metis in-set-conv-nth length-take min.commute min.strict-boundedE nth-take)

lemma in-set-dropl:
(m < length xs = m > n = zs | m € set (drop n zs)
unfolding in-set-conv-nth
by (rule exI[of - <m — m]) auto

lemma in-set-drop-conv-nth:

@ € set (drop n zs) «— (Im > n. m < length zs A zs ! m = z))

apply (rule iffT)

subgoal
apply (subst (asm) in-set-conv-nth)
apply clarsimp
apply (rule-tac © = (n+o in exl)
apply (auto)
done

subgoal
by (auto intro: in-set-dropl)

done

18



Taken from ~~/src/HOL/Word/Word.thy

lemma atd-lem: (takenzs =t — dropnzs=d — zs =1t Q d)
by (auto intro: append-take-drop-id [symmetric])

lemma drop-take-drop-drop:
¢ > i = drop i xs = take (j — ) (drop i xs) Q drop j zs)
apply (induction j — i arbitrary: j i)
subgoal by auto
subgoal by (auto simp add: atd-lem)
done

lemma in-set-conv-iff:
@ € set (take n zs) «— (i < n. i < length zs A zs | i = z)
apply (induction n)
subgoal by auto
subgoal for n
apply (cases (Suc n < length xs))
subgoal by (auto simp: take-Suc-conv-app-nth less-Suc-eq dest: in-set-takeD)
subgoal
apply (cases (n < length zs))
subgoal
apply (auto simp: in-set-conv-nth)
by (rule-tac z=i in exl; auto; fail)+
subgoal
apply (auto simp: take-Suc-conv-app-nth dest: in-set-takeD)
by (rule-tac z=i in exl; auto; fail)+
done
done
done

lemma distinct-in-set-take-iff:

(distinct D = b < length D = D | b € set (take a D) +— b < @
apply (induction a arbitrary: b)
subgoal by simp
subgoal for a

by (cases (Suc a < length D)

(auto simp: take-Suc-conv-app-nth nth-eq-iff-indez-eq)

done

lemma in-set-distinct-take-drop-iff:
assumes
(distinct D) and
(b < length D»
shows (D | b € set (take (a — init) (drop init D)) <— (init < b A b < a)
using assms apply (auto 5 5 simp: distinct-in-set-take-iff in-set-conv-iff
nth-eq-iff-indez-eq dest: in-set-takeD)
by (metis add-diff-cancel-left’ diff-less-mono le-iff-add)

1.3.4 Replicate
lemma list-eq-replicate-iff-nempty:

(n > 0 = xs = replicate n & <— n = length s A set zs = {z}
by (metis length-replicate neq0-conv replicate-length-same set-replicate singletonD)

lemma list-eq-replicate-iff:
s = replicate n x <— (n =0 A xs = []) V (n = length zs A set zs = {z})
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by (cases n) (auto simp: list-eq-replicate-iff-nempty simp del: replicate.simps)

1.3.5 List intervals (upt)

The simplification rules are not very handy, because theorem upt.simps ( 2 ) (i.e. [?i..<Suc %j]
= (if 20 < ?j then [%i..<?j] Q [?]] else [])) leads to a case distinction, that we usually do not
want if the condition is not already in the context.

lemma upt-Suc-le-append: —i < j = [i..<Suc j] = [
by auto

lemmas upt-simps[simp] = upt-Suc-append upt-Suc-le-append
declare upt.simps(2)[simp del]

The counterpart for this lemma when n — m < 7 is theorem take-all. It is close to theorem ?i
+ ?m < ?n = take ?m [%i..<%n] = [%i..<?i + ?m], but seems more general.

lemma take-upt-bound-minus[simp]:
assumes ¢ < n — m
shows (take i [m..<n] = [m ..<m+1)
using assms by (induction i) auto

lemma append-cons-eq-upt:
assumes (A @ B = [m..<n]
shows (A = [m ..<m+length A)) and (B = [m + length A..<n]
proof —
have (take (length A) (A @ B) = A) by auto
moreover {
have dength A < n — m) using assms linear calculation by fastforce
then have (take (length A) [m..<n] = [m ..<m+length A by auto }
ultimately show (A = [m ..<m+length A]) using assms by auto
show (B = [m + length A..<n)> using assms by (metis append-eq-conv-conj drop-upt)
qed

The converse of theorem append-cons-eq-upt does not hold, for example if Q term B:: nat list
is empty and A is [0::'a):

lemma (A @ B = [m..< n] +— A = [m ..<m+length A] A B = [m + length A..<n])
oops

A more restrictive version holds:

lemma (B # [| = A @Q B = [m..< n] +— A = [m ..<m+length A] AN B = [m + length A..<n]
(is (PP = %A = ?B))
proof
assume ?A then show ?B by (auto simp add: append-cons-eq-upt)
next
assume ?P and ?B
then show ?A using append-eq-conv-conj by fastforce
qed

lemma append-cons-eq-upt-length-i:
assumes (A Q ¢ # B = [m..<n]
shows (A = [m ..<i]
proof —
have (A = [m ..< m + length A]) using assms append-cons-eq-upt by auto
have (A @Q ¢ # B) ! (length A) = © by auto
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moreover have (n — m = length (A Q ¢ # B))
using assms length-upt by presburger
then have ((m..<n] ! (length A) = m + length A)> by simp
ultimately have < = m + length A) using assms by auto
then show ?thesis using (A = [m ..< m + length A by auto
qed

lemma append-cons-eq-upt-length:
assumes (A Q { # B = [m..<n)
shows dength A =i — m)
using assms
proof (induction A arbitrary: m)
case Nil
then show ?Zcase by (metis append-Nil diff-is-0-eq list.size(3) order-refl upt-eq-Cons-conv)
next
case (Cons a A)
then have A: <A Q i # B = [m + 1..<n) by (metis append-Cons upt-eq-Cons-conv)
then have (m < i) by (metis Cons.prems append-cons-eq-upt-length-i upt-eq-Cons-conv)
with Cons.IH[OF A] show ?case by auto
qed

lemma append-cons-eq-upt-length-i-end:
assumes (A Q@ ¢ # B = [m..<n]
shows (B = [Suc i ..<n])
proof —
have (B = [Suc m + length A..<n)> using assms append-cons-eg-upt[of (A Q [i]) B m n] by auto
have (A @ ¢ # B) ! (length A) = © by auto
moreover have (n — m = length (A Q ¢ # B))
using assms length-upt by auto
then have ((m..<n]! (length A) = m + length A by simp
ultimately have i = m + length A) using assms by auto
then show %thesis using (B = [Suc m + length A..<n)])> by auto
qed

lemma Maz-n-upt: (Maz (insert 0 {Suc 0..<n}) = n — Suc O
proof (induct n)
case (
then show ?Zcase by simp
next
case (Suc n) note IH = this
have i: «nsert 0 {Suc 0..<Suc n} = insert 0 {Suc 0..< n} U {n} by auto
show ?case using IH unfolding 7 by auto
qed

lemma upt-decomp-lt:
assumes H: s Q { # ys Q j # zs = [m ..< n)
shows ¢ <
proof —
have zs: s = [m ..< i and ys: <ys = [Suc i ..< j] and zs: <zs = [Suc j ..< n)
using H by (auto dest: append-cons-eq-upt-length-i append-cons-eq-upt-length-i-end)
show ?thesis
by (metis append-cons-eq-upt-length-i-end assms lessI less-trans self-append-conv2
upt-eq-Cons-conv upt-rec ys)
qed

lemma nths-upt-upto-Suc: (aa < length xs = nths zs {0..<Suc aa} = nths zs {0..<aa} Q [zs ! aa)
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by (simp add: atLeastOLessThan take-Suc-conv-app-nth)

The following two lemmas are useful as simp rules for case-distinction. The case length | = 0
is already simplified by default.

lemma length-list-Suc-0:
dength W = Suc 0 <— (3 L. W = [L])»
apply (cases W)
apply (simp; fail)
apply (rename-tac a W', case-tac W)
apply auto
done

lemma length-list-2: «dength S = 2 «— (3a b. S = [a, b))
apply (cases S)
apply (simp; fail)
apply (rename-tac a S’)
apply (case-tac S’)
by simp-all

lemma finite-bounded-list:
fixes b :: nat
shows «finite {zs. length zs < s N (Vi< length xs. xzs ! i < b)} (is (finite (25 s))
proof —
have H: (finite {zs. set xs C {0..<b} A length zs < s}
by (rule finite-lists-length-le[of ({0..<b}> (]) auto
show ?thesis
by (rule finite-subset|OF - H]) (auto simp: in-set-conv-nth)
qed

lemma last-in-set-drop While:
assumes 3L € set (zs @ [z]). -P L
shows & € set (dropWhile P (zs Q [z])))
using assms by (induction zs) auto

lemma mset-drop-upto: (mset (drop a N) = {#Nli. i €# mset-set {a..<length N}#}
proof (induction N arbitrary: a)
case Nil
then show ?case by simp
next
case (Cons ¢ N)
have upt: {0..<Suc (length N)} = insert 0 {1..<Suc (length N)}
by auto
then have H: (mset-set {0..<Suc (length N)} = add-mset 0 (mset-set {1..<Suc (length N)})
unfolding upt by auto
have mset-case-Suc: {#case x of 0 = ¢ | Suc v = N | z . x €# mset-set {Suc a..<Suc b}#} =
{#N ! (z—1) . © €# mset-set {Suc a..<Suc b}#} for a b
by (rule image-mset-cong) (auto split: nat.splits)
have Suc-Suc: {Suc a..<Suc b} = Suc ‘ {a..<b}) for a b
by auto
then have mset-set-Suc-Suc: (mset-set {Suc a..<Suc b} = {#Suc n. n €# mset-set {a..<b}#} for
ab
unfolding Suc-Suc by (subst image-mset-mset-set[symmetric]) auto
have #: ({#N ! (z—Suc 0) . © €# mset-set {Suc a..<Suc b}#} = {#N | z . © €# mset-set {a..<b}#}h
for a b
by (auto simp add: mset-set-Suc-Suc)
show ?case
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apply (cases a)
using Cons|of 0] Cons by (auto simp: nth-Cons drop-Cons H mset-case-Suc *)

qed

lemma last-list-update-to-last:
dast (xzs[z := last zs]) = last zs
by (metis last-list-update list-update.simps(1))

lemma take-map-nth-alt-def: take n xs = map ((!) zs) [0..<min n (length xs))
proof (induction xs rule: rev-induct)
case Nil
then show ?Zcase by auto
next
case (snoc z xs) note IH = this
show Zcase
proof (cases (n < length (zs @ [z]))
case True
then show ?thesis
using IH by (auto simp: min-def nth-append)
next
case Fulse
have [simp]:
(map (Aa. if a < length xzs then xs ! a else [z] | (a — length xs)) [0..<length xs] =
map (Aa. xs ! a) [0..<length zs]) for zs and z :: 'b
by (rule map-cong) auto
show ?thesis
using IH Fulse by (auto simp: nth-append min-def)
qed
qed

1.3.6 Lexicographic Ordering

lemma lezn-Suc:
(z # xs, y # ys) € lexn r (Suc n) +—
(length zs = n A length ys = n) A ((z, y) € vV (x = y A (zs, ys) € lexn r n))
by (auto simp: map-prod-def image-iff lex-prod-def)

lemma lezn-n:
m >0 = (z # xs, y # ys) € lexn r n +—
(length zs = n—1 A length ys = n—1) A ((z, y) € r V (. =y A (s, ys) € lexzn r (n — 1))
apply (cases n)
apply simp
by (auto simp: map-prod-def image-iff lex-prod-def)

There is some subtle point in the previous theorem explaining why it is useful. The term 71 is
converted to Suc 0, but 2 is not, meaning that 7 is automatically simplified by default allowing
the use of the default simplification rule lezn.simps. However, for 2 one additional simplification
rule is required (see the proof of the theorem above).

lemma lezn2-conv:
([a, b], [c, d]) € lexn 1 2 <— (a, ¢c) € rV (a=c A (b, d) €rp
by (auto simp: lexn-n simp del: lexn.simps(2))

lemma lexn3-conv:
([a, b, ], [a’, b, ¢]) € lezn T 3 +—
(g, ayervia=a' AN, b)er)V(a=a ANb=b AN(c,c)er)y
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by (auto simp: lexn-n simp del: lexn.simps(2))

lemma prepend-same-lexn:
assumes irrefi: <rrefl R)
shows (4@ B, AQ C) € lexn R n <— (B, C) € lexn R (n — length A)) (is <?A <— ?B))
proof
assume 74
then obtain zys r s y ys where
len-B: <length B = n — length A> and
len-C: ength C = n — length A> and
AB: (A Q B = zys Q z # z» and
AC: < AQ C =zys Q@ y # ys and
zy: (z, y) € R
by (auto simp: lexn-conv)
have z-neg-y: «x # ¥
using zy irrefl by (auto simp add: irrefl-def)
then have (B = drop (length A) zys Q x # zs
using arg-cong|OF AB, of <drop (length A))
apply (cases ength A — length xys))
apply (auto; fail)
by (metis AB AC nth-append nth-append-length zero-less-Suc zero-less-diff)

moreover have (C = drop (length A) zys Q y # ys
using arg-cong[OF AC, of «drop (length A))] z-neg-y
apply (cases (length A — length zys))
apply (auto; fail)
by (metis AB AC nth-append nth-append-length zero-less-Suc zero-less-diff)
ultimately show ?B
using len-B[symmetric] len-C[symmetric] xy
by (auto simp: lexn-conv)
next
assume ?B
then obtain zys r zs y ys where
len-B: (dength B = n — length A> and
len-C: (dength C = n — length A> and
AB: «B = zys Q z # zs) and
AC: «C = zys Q y # ys) and
zy: (z, y) € B
by (auto simp: lexn-conv)
define Azys where (Azys = A Q zys)

have (A @ B = Axys Q z # zs
using AB Azys-def by auto

moreover have (A Q@ C = Azys Q y # ys)
using AC Azxys-def by auto
moreover have (Suc (length Azys + length xs) = n» and
(ength ys = length xs)
using len-B len-C AB AC Axys-def by auto
ultimately show 74
using len-B[symmetric] len-C[symmetric] xy
by (auto simp: lexn-conv)
qed

lemma append-same-lexn:
assumes irrefl: <rrefl R
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shows (BQ A, C @ A) € lexn Rn <— (B, C) € lezn R (n — length A)) (is (YA +— 7B))
proof
assume 74
then obtain zys z zs y ys where
len-B: (n = length B + length A> and
len-C: (n = length C + length A)> and
AB: «(BQ A = zys Q ¢ # z and
AC: «(CQ A =zys Q y # ys and
zy: (z, y) € B
by (auto simp: lexn-conv)
have z-neg-y: <x # ¥
using zy irrefl by (auto simp add: irrefl-def)
have len-C-B: (ength C = length B)
using len-B len-C by simp
have len-B-zys: (dength B > length xys
apply (rule ccontr)
using arg-cong[OF AB, of <take (length B))] arg-cong|OF AB, of (drop (length B))]
arg-cong|OF AC, of «drop (length C))] z-neg-y len-C-B
by auto

then have B: (B = zys @ x # take (length B — Suc (length xys)) zs)
using arg-cong[OF AB, of (take (length B))]
by (cases (length B — length xys)) simp-all

have C: «(C = zys @Q y # take (length C — Suc (length zys)) ys
using arg-cong[OF AC, of take (length C))] z-neg-y len-B-zys unfolding len-C-B[symmetric]
by (cases (dength C' — length xys)) auto

show ?B
using len-B[symmetric] len-C[symmetric] zy B C
by (auto simp: lexn-conv)

next

assume ?B

then obtain zys r zs y ys where
len-B: dength B = n — length A> and
len-C: (dength C = n — length A> and
AB: «B = zys Q z # zs) and
AC: «C = zys Q y # ys) and
zy: (z, y) € B
by (auto simp: lexn-conv)

define Ays Azs where (Ays = ys @ A) andAzs = zs Q@ A

have (B Q A = zys Q x # Azs
using AB Azs-def by auto

moreover have (C Q@ A = zys Q@ y # Ays
using AC Ays-def by auto
moreover have «Suc (length zys + length Axzs) = n» and
dength Ays = length Azs
using len-B len-C AB AC Axs-def Ays-def by auto
ultimately show 74
using len-B[symmetric] len-C[symmetric] xy
by (auto simp: lexn-conv)
qed

lemma irrefl-less-than [simp): <irrefl less-than)
by (auto simp: irrefl-def)
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1.3.7 Remove

More lemmas about remove

lemma distinct-removel-last-butlast:
(distinct xs = xs # [| = removel (last xs) xs = butlast zs)
by (metis append-Nil2 append-butlast-last-id distinct-butlast not-distinct-conv-prefiz
removel .simps(2) removel-append)

lemma removel-Nil-iff:
(removel zxs =[] +— xs =[] V as = [z
by (cases zs) auto

lemma removeAll-upt:
removeAll k [a..<b] = (if k > a Ak < b then [a..<k] Q [Suc k..<D] else [a..<b])
by (induction b) auto

lemma remouvel-upt:
removel k [a..<b] = (if k > a Ak < b then [a..<k] Q [Suc k..<b] else [a..<b])
by (subst distinct-removel-removeAll) (auto simp: removeAll-upt)

lemma sorted-removeAll: (sorted C = sorted (removeAll k C)
by (metis map-ident removeAll-filter-not-eq sorted-filter)

lemma distinct-removel-rev: (distinct xs = removel x (rev xs) = rev (removel x xs)
using split-list[of = 5]
by (cases ¢ € set xs)) (auto simp: removel-append removel-idem)

Remove under condition

This function removes the first element such that the condition f holds. It generalises remowvel.

fun removel-cond where
(removel-cond f [| = [ |
(removel-cond f (C' # L) = (if f C' then L else C' # removel-cond f L)

lemma (removel x xs = removel-cond ((=) ) xs
by (induction zs) auto

lemma mset-map-mset-removel-cond:
(mset (map mset (removel-cond (AL. mset L = mset a) C)) =
removel-mset (mset a) (mset (map mset C)))
by (induction C) auto

We can also generalise removeAll, which is close to filter:

fun removeAll-cond :: «('a = bool) = 'a list = 'a listy where
(tremoveAll-cond f [| =[] |
(removeAll-cond f (C' # L) = (if f C’ then removeAll-cond f L else C’ # removeAll-cond f L)

lemma removeAll-removeAll-cond: <removeAll x s = removeAll-cond ((=) x) zs
by (induction zs) auto

lemma removeAll-cond-filter: (removeAll-cond P xs = filter (Az. =P z) zs
by (induction xs) auto

lemma mset-map-mset-removeAll-cond:
(mset (map mset (removeAll-cond (Ab. mset b = mset a) C'))
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= removeAll-mset (mset a) (mset (map mset C))
by (induction C) auto

lemma count-mset-count-list:
(count (mset xs) x = count-list Ts )
by (induction zs) auto

lemma length-removeAll-count-list:
dength (removeAll x xs) = length s — count-list xs x

proof —
have dength (removeAll x zs) = size (removeAll-mset x (mset zs))
by auto
also have «... = size (mset xs) — count (mset zs) o
by (metis count-le-replicate-mset-subset-eq le-refl size-Diff-submset size-replicate-mset)
also have ¢ ... = length xs — count-list xs x

unfolding count-mset-count-list by simp
finally show ?thesis .
qed

lemma removeAll-notin: «a ¢# A = removeAll-mset a A = A
using count-inl by force

Filter

lemma distinct-filter-eq-if:
(distinct C = length (filter ((=) L) C') = (if L € set C then 1 else 0))
by (induction C) auto

lemma length-filter-update-true:
assumes « < length zs» and (P (zs ! i)
shows dength (filter P (zs[i := z])) = length (filter P xs) — (if P x then 0 else 1))
apply (subst (5) append-take-drop-id[of i, symmetric])
using assms upd-conv-take-nth-drop|of i xs z] Cons-nth-drop-Suc|of © xs, symmetric]
unfolding filter-append length-append
by simp

lemma length-filter-update-false:
assumes i < length z and =P (xs ! i)
shows dength (filter P (zs[i := z])) = length (filter P xzs) + (if P x then 1 else 0)
apply (subst (5) append-take-drop-id[of i, symmetric])
using assms upd-conv-take-nth-drop|of i zs z] Cons-nth-drop-Suc|of i xs, symmetric]
unfolding filter-append length-append
by simp

lemma mset-set-mset-set-minus-id-iff:
assumes (finite A
shows (mset-set A = mset-set (A — B) «— (Vb€ B. b ¢ A
proof —
have f1: mset-set A = mset-set (A — B)«— A — B=A
using assms by (metis (no-types) finite-Diff finite-set-mset-mset-set)
then show ?thesis
by blast
qed

lemma mset-set-eq-mset-set-more-conds:
(finite {z. P £} = mset-set {z. P x} = mset-set {z. Qx N Pz} «— (Vo. Pz — Q z)
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(is (9F = A <— ?B))
proof —
assume ?F
then have (YA «— (Vz € {z. Pz}. z € {z. Qz N P x})
by (subst mset-set-eq-iff) auto

also have «... «— (Vz. Pz — Q z)
by blast
finally show ?thesis .
qed

lemma count-list-filter: <count-list xs x = length (filter ((=) z) zs)
by (induction zs) auto

lemma sum-length-filter-compl’: dength [x<xs . = P x] + length (filter P xs) = length xs
using sum-length-filter-compl[of P xs] by auto

1.3.8 Sorting
See [sorted ?xs; distinct ?xs; sorted ?ys; distinct ?ys; set ?xs = set ?ys] = %xs = ?ys.

lemma sorted-mset-unique:
fixes s :: (a :: linorder list)
shows (sorted xs = sorted ys = mset xs = mset ys = xs = ys
using properties-for-sort by auto

lemma insort-upt: <insort k [a..<b] =
(if k < a then k # [a..<b]
else if k < b then [a..<k] @ k # [k ..<b]
else [a..<b] Q [k])
proof —
have H: <k < Suc b = - k < a = {a..<b} = {a..<k} U {k..<b} for a b :: nat
by (simp add: wl-disj-un-two(3))
show ?thesis
apply (induction b)
apply (simp; fail)
apply (case-tac <—k < a A k < Suc b)
apply (rule sorted-mset-unique)
apply ((auto simp add: sorted-append sorted-insort ac-simps mset-set-Union
dest!: H; fail)+)[2]
apply (auto simp: insort-is-Cons sorted-insort-is-snoc sorted-append mset-set-Union
ac-simps dest: H; fail)+
done
qed

lemma removeAll-insert-removeAll: «removeAll k (insort k xs) = removeAll k xs)
by (simp add: filter-insort-triv removeAll-filter-not-eq)

lemma filter-sorted: (sorted xs = sorted (filter P xs)
by (metis list.map-ident sorted-filter)

lemma removeAll-insort:

(sorted xs => k # k' = removeAll k' (insort k zs) = insort k (removeAll k' xs))
by (simp add: filter-insort removeAll-filter-not-eq)
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1.3.9 Distinct Multisets

lemma distinct-mset-remdups-mset-id: (distinct-mset C = remdups-mset C = C)
by (induction C) auto

lemma notin-add-mset-remdups-mset:
(a ¢# A = add-mset a (remdups-mset A) = remdups-mset (add-mset a A))
by auto

lemma distinct-mset-image-mset:
(distinct-mset (image-mset f (mset xs)) +— distinct (map f xs))
apply (subst mset-map[symmetric])
apply (subst distinct-mset-mset-distinct)

lemma distinct-image-mset-not-equal:
assumes
LL" <L # L» and
dist: (distinct-mset (image-mset f M)) and
L: (L €# M> and
L (L' e# M) and
fLL[simp]: «f L = f L
shows (False)
proof —
obtain M1 where M1: (M = add-mset L M1)
using multi-member-split{OF L] by blast
obtain M2 where M2: <M1 = add-mset L' M2)
using multi-member-split[of L' M1] LL' L' unfolding M1 by (auto simp: add-mset-eq-add-mset)
show Fulse
using dist unfolding M1 M2 by auto
qed

1.3.10 Set of Distinct Multisets

definition distinct-mset-set :: (‘a multiset set = bool) where
(distinct-mset-set ¥ «— (VS € X. distinct-mset S)

lemma distinct-mset-set-empty[simp]: «distinct-mset-set {}
unfolding distinct-mset-set-def by auto

lemma distinct-mset-set-singleton[iff]: «distinct-mset-set { A} +— distinct-mset A
unfolding distinct-mset-set-def by auto

lemma distinct-mset-set-insert[iff]:
(distinct-mset-set (insert S 3) «— (distinct-mset S A distinct-mset-set X))
unfolding distinct-mset-set-def by auto

lemma distinct-mset-set-union[iff]:
(distinct-mset-set (X U X') «+— (distinct-mset-set ¥ A distinct-mset-set X))
unfolding distinct-mset-set-def by auto

lemma in-distinct-mset-set-distinct-mset:
(a € ¥ = distinct-mset-set ¥ = distinct-mset a

unfolding distinct-mset-set-def by auto

lemma distinct-mset-remdups-mset[simp|: «distinct-mset (remdups-mset S))

29



using count-remdups-mset-eq-1 unfolding distinct-mset-def by metis

lemma distinct-mset-mset-set: «distinct-mset (mset-set A)
unfolding distinct-mset-def count-mset-set-if by (auto simp: not-in-iff)

lemma distinct-mset-filter-mset-set[simp]: (distinct-mset {#a €# mset-set A. P a#}
by (simp add: distinct-mset-filter distinct-mset-mset-set)

lemma distinct-mset-set-distinct: (distinct-mset-set (mset ¢ set Cs) +— (¥ c€ set Cs. distinct c)
unfolding distinct-mset-set-def by auto

1.3.11 Sublists

lemma nths-single-if: (nths I {n} = (if n < length [ then [ln] else [])

proof —
have [simp]: (0 < n = {j. Sucj=n} ={n—1} for n
by auto

show ?thesis
apply (induction | arbitrary: n)
subgoal by (auto simp: nths-def)
subgoal by (auto simp: nths-Cons)
done
qed

lemma atLeastLessThan-Collect: {a..<b} ={j.j > a N j<bh
by auto

lemma mset-nths-subset-mset: (mset (nths zs A) C# mset zs)
apply (induction xs arbitrary: A)
subgoal by auto
subgoal for a zs A
using subset-mset.add-increasing2|of add-mset - {#} ¢mset (nths xs {j. Suc j € A})
(mset xs)]
by (auto simp: nths-Cons)
done

lemma nths-id-iff:
(nths xs A = zs «— {0..<length xs} C A»
proof —

have ({j. Sucj € A} = (Nj. j—1) ‘ (A — {0}) for A
using DiffI by (fastforce simp: image-iff)

have 1: ({0..<b} C {j. Sucje A} +— (Vz.2—1 <b— 2 # 0 — xz € A
for A :: (nat set) and b :: nat
by auto

have [simp]: {0..<b} C {j. Sucj€ A} «— Vz.2—1 <b— z € A)
if <0 € A) for A :: (nat seb and b :: nat
using that unfolding 1 by auto

have [simp]: (nths xs {j. Suc j € A} = a # xs +— False)
for a :: 'a and s :: <a listy and A :: (nat sebt
using mset-nths-subset-mset[of xs {j. Suc j € Ap] by auto

show ?thesis
apply (induction xs arbitrary: A)
subgoal by auto
subgoal

by (auto 5 5 simp: nths-Cons) fastforce

done
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qed

lemma nts-upt-length[simp]: nths xs {0..<length xs} = zs
by (auto simp: nths-id-iff)

lemma nths-shift-lemma’:
(map fst [p<zip xs [i.<i + n]. snd p + b € A] = map fst [p<=zip xs [0..<n]. snd p + b+ i € A
proof (induct xs arbitrary: i n b)
case Nil
then show ?Zcase by simp
next
case (Cons a xs)
have 1: map fst [p+=zip (a # xs) (i # [Suc i..<i + n]). sndp + b € A] =
(if i + b € A then a#map fst [p«zip xs [Suc i.<i + n]. snd p + b € 4]
else map fst [p<=zip xs [Suc i..<i + n]. snd p + b €A])
by simp
have 2: (map fst [p+=zip (a # zs) [0..<n] . sndp+ b+ i € A] =
(if i + b € A then a # map fst [p«zip xs [1..<n]. snd p + b+ i € A
else map fst [p<=zip (xzs) [1..<n] . sndp + b+ i € A])
if <n >0
by (subst upt-conv-Cons) (use that in (auto simp: ac-simps))
show ?Zcase
proof (cases n)
case (
then show ?thesis by simp
next
case n: (Suc m)
then have i-n-m: ¢ + n = Suc i + m)
by auto
have 3: (map fst [p+=zip zs [Suc i..<i+n] . sndp + b € A] =
map fst [p<—zip xs [0..<m] . snd p + b + Suc i € A)
using Cons[of b (Suc ©» m] unfolding i-n-m .
have /: «(map fst [p+=zip zs [1..<n] . sndp+ b+ i € A] =
map fst [p<zip xs [0..<m] . Suc (snd p + b + 1) € A
using Cons|of b+i 1 m] unfolding n Suc-eq-plusi-left add.commute[of 1]
by (simp-all add: ac-simps)
show ?thesis
apply (subst upt-conv-Cons)
using n apply (simp; fail)
apply (subst 1)
apply (subst 2)
using n apply (simp; fail)
apply (subst 3)
apply (subst 3)

apply (subst 4)
apply (subst 4)
by force
qed
qed

lemma nths-Cons-upt-Suc: nths (a # xs) {0..<Suc n} = a # nths zs {0..<n}
unfolding nths-def
apply (subst upt-conv-Cons)
apply simp
using nths-shift-lemma’[of 0 {0..<Suc n} @s 1 dength xs)]
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by (simp-all add: ac-simps)

lemma nths-empty-iff: (nths zs A = [| «— {..<length zs} N A = {}
proof (induction xs arbitrary: A)
case Nil
then show ?Zcase by auto
next
case (Cons a xs) note IH = this(1)
have «(Va<length zs. x # 0 — xz ¢ A)
if al: {..<length zs} N {j. Suc j € A} ={h
proof (intro alll impl)
fix nn
assume nn: (nn < length zs) (nn # O
moreover have Vn. Sucn ¢ AV — n < length s
using al by blast
then show nn ¢ A
using nn
by (metis (no-types) lessl less-trans list-decode. cases)
qed
show ?Zcase
proof (cases <0 € A))
case True
then show ?thesis by (subst nths-Cons) auto
next
case Fulse
then show ?thesis
by (subst nths-Cons) (use less-Suc-eq-0-disj IH in auto)
qed
qed

lemma nths-upt-Suc:
assumes (i < length s
shows nths zs {i..<length xs} = xzsli # nths xs {Suc i..<length zs}
proof —
have upt: {i.<k} ={j. i <jAj <k} for ik : nat
by auto
show ?thesis
using assms
proof (induction zs arbitrary: i)
case Nil
then show ?case by simp
next
case (Cons a xs i) note IH = this(1) and i-le = this(2)
have [simp]: « — Suc 0 < j +— i < Suc p if « > O for j
using that by auto
show ?Zcase
using [H[of «i—1D)] i-le
by (auto simp add: nths-Cons upt)
qed
qed

lemma nths-upt-Suc'”:

assumes (i < b and (b <= length s

shows (nths zs {i..<b} = zsli # nths zs {Suc i.<b}
proof —
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have S1: {j. i < SucjAj<b— Suc0} ={j. i < SucjA Sucj<bpforibd
by auto
have S2: {j. i <jANj<b—Suc0} ={j.i<jASucj<bdhforibd
by auto
have upt: {i.<k} ={j. i <jANj <k} for i k :: nat
by auto
show ?thesis
using assms
proof (induction xs arbitrary: i b)
case Nil
then show Zcase by simp
next
case (Cons a xs i) note ITH = this(1) and i-le = this(2,3)
have [simp]: « — Suc 0 < j «— i < Suc p if « > O for j
using that by auto
have « — Suc 0 < b — Suc 0V (i = 0)
using i-le by linarith
moreover have b — Suc 0 < length zs V zs = [
using i-le by auto
ultimately show Zcase
using [H[of «—1) <b—1D)] i-le
apply (subst nths-Cons)
apply (subst nths-Cons)
by (auto simp: upt S1 S2)
qed
qed

lemma Ball-set-nths: «(V Leset (nths xs A). P L) «— (Vi € AN {0..<length zs}. P (ws ! 1))
unfolding set-nths by fastforce

1.3.12 Product Case

The splitting of tuples is done for sizes strictly less than 8. As we want to manipulate tuples of
size 8, here is some more setup for larger sizes.

lemma prod-cases8 [cases typel:
obtains (fields) a b ¢ d e f g h where y = (a, b, ¢, d, e, f, g, h)
by (cases y, cases (snd y) auto

lemma prod-induct8 [case-names fields, induct type]:
(Aabcdefgh P(a, b c,d e f,g,h)—=— Pz
by (cases x) blast

lemma prod-cases9 [cases typel:
obtains (fields) a b cde fghiwherey= (a, b, ¢ d, e f,g, h,i
by (cases y, cases (snd y)) auto

lemma prod-induct9 [case-names fields, induct typel:
(NAabcdefghi.P(a, b, ¢, d e f,g h i) = Pz
by (cases x) blast

lemma prod-cases10 [cases typel:
obtains (fields) abcdefghijwherey=(a,b, c d, e, f,g, h,ij)

by (cases y, cases (snd y) auto

lemma prod-induct10 [case-names fields, induct typel:
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(Aadeefghij'P(a7 b’ c’ d7 67f’ g7 h7 i’j)):Pw
by (cases x) blast

lemma prod-casesi1 [cases typel:
obtains (fields) abcdefghijk wherey= (a, b, ¢, d, e f, g, h,i j k)
by (cases y, cases (snd y) auto

lemma prod-induct11 [case-names fields, induct type]:
(Nabecdefghijk. P (a, b c, d, e f, g h i, jk)=— Pz
by (cases x) blast

lemma prod-cases12 [cases typel:
obtains (fields) abcdefghijklwherey=(a,b, c d, e f, g5 hyi,j k1
by (cases y, cases (snd y) auto

lemma prod-induct12 [case-names fields, induct typel:
(Aaebcdefghijkl P (a, b, c, d, e f, g, hij k)= Pz
by (cases x) blast

lemma prod-cases13 [cases typel:
obtains (fields) abcdefghijklmwherey= (a, b, c d, e f,g h,ij k I, m)
by (cases y, cases (snd y)) auto

lemma prod-induct13 [case-names fields, induct type]:
(Nabecdefghijklm. P (a, b, c d,e f,g h i j,k I, m)— Pux
by (cases x) blast

lemma prod-casesly [cases typel:
obtains (fields) abcdefghijklmn where y=(a,b,c, d, e f, g6 h,i jk I, m n)
by (cases y, cases (snd y) auto

lemma prod-inductl [case-names fields, induct typel:
(Aaebecdefghijklmmn. P (a, b, c, d, e f, g, h, i j kI, mn) = Pz
by (cases x) blast

lemma prod-cases15 [cases typel:
obtains (fields) abcdefghijklmnpwhere
y: (a7 b7 C7 d7 €7f7 g7 h’ Z’?j’ k7 l7 m? n’ p)
by (cases y, cases (snd y») auto

lemma prod-induct15 [case-names fields, induct type]:
(/\abcdefghijklmnp'P(a’ b7 C7 d, 67f7 g7 h’ i?j? k’ l7 m’ n7p)) :>PI
by (cases x) blast

lemma prod-cases16 [cases typel:
obtains (fields) abcdefghijklmnpqwhere
y=1(a, b, c, d, e f, g, h ij kI, mn, p q)
by (cases y, cases (snd y)) auto

lemma prod-induct16 [case-names fields, induct typel:
(Aabcdefghijklmnpq' P(a7 b7 C7 d7 e7f7 g7 h7 i’j? k’ l7 m7 n7p7 Q)) :>P.T/‘
by (cases x) blast

lemma prod-cases17 [cases typel:
obtains (fields) abcdefghijklmnpqr where

y:(a7 b’ C’ d7 e?f’g? h? i’j) k? l’ m? n)p’ q’ T)
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by (cases y, cases (snd y)) auto

lemma prod-induct1? [case-names fields, induct type]:
(Nabcdefghijklmnpgr. P(a, b, c d, e f, g5 h, i, j, kI, mmn,p qr) = Pz
by (cases x) blast

lemma prod-cases18 [cases typel:
obtains (fields) abcdefghijklmmnp qrswhere
y=1(a,b,c, d, e f,g, hij, kI, mmn, p qr,s)
by (cases y, cases (snd y) auto

lemma prod-induct18 [case-names fields, induct type]:
(Nabecdefghijklmnpgqrs P(a, b, c d, e f, g h i34, k1, mmn p grs)=— Pz
by (cases x) blast

lemma prod-cases19 [cases typel:
obtains (fields) abcdefghijklmmnpqrst where
y=(a, b,c,d, e f, g hi3j k1, mn pqrst)
by (cases y, cases (snd y) auto

lemma prod-induct19 [case-names fields, induct typel:
(Aabcdefghijklmnpqrst.
P(a, b c,d e f,g h i34, k1, mn p gqgrst)=— Pz
by (cases x) blast

lemma prod-cases20 [cases type]:
obtains (fields) abcdefghijklmmnpqrstuwhere
Yy = ((1, b7 Cy da eva 9, h’a i?ja kv l? m, n, p, q, T, S, t, u)
by (cases y, cases (snd y) auto

lemma prod-induct20 [case-names fields, induct typel:
(Aabecdefghijklmnpqrstu.
P(a, b, c,d e f,g h i34, kil mmn pqrstu)=—Pz
by (cases x) blast

lemma prod-cases21 [cases typel:
obtains (fields) abcdefghijklmmnpqrstuv where
y:(a’ b7 C7 d7 €7f7 g7 h’ Z’?j’ k7 l7 m? n’p7 q’ r’ 87 t7 u7 ,U)

by (cases y, cases (snd y)) auto

lemma prod-induct21 [case-names fields, induct type]:
(Aabecdefghijklmnpqgrstuv.
P(a7 b? C? d’ e’f’ g’ h7 i?j? k’ l? m7 n? p7 q? T’ 87 t’ u’ v)) :> PZ’
by (cases x) (blast 43)

lemma prod-cases22 [cases typel:
obtains (fields) abcdefghijklmmnpqgrstuvwwhere
y:(a’ b? C? d7 e?f’ g7 h? Z’?j’ k? l? m? nﬂp’ q’ r’ 87 t’ u7 v7 w)
by (cases y, cases (snd y)) auto
lemma prod-induct22 [case-names fields, induct type]:
(Nabcdefghijklmnpgqgrstuvuw.
P(a, b, c,d, e f, g h, i34,k I, mn p qr st uuv w)=— Pz
by (cases x) (blast 43)

lemma prod-cases23 [cases typel:
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obtains (fields) abcdefghijklmmnpqgrstuvwaz where
y: (a7 b’ c7 d7 e7f7 g7 h? Z"j’ k7 l7 m? n’ p7 q’ r7 87 t7 u’ v? w’ m)
by (cases y, cases (snd y) auto

lemma prod-induct23 [case-names fields, induct typel:
(Aabcdefghijklmnpgrstuvwy.
P (a, b, ¢c,d, e f, g h i34, k1, mn p qr st uovwy)=— Pz
by (cases x) (blast 43)

1.3.13 More about list-all2 and map

More properties on the relator list-all2 and map. These theorems are mostly used during the
refinement and especially the lifting from a deterministic relator to its list version.
lemma list-all2-op-eq-map-right-iff: list-all2 (AL. (=) (f L)) a aa +— aa = map fa)

apply (induction a arbitrary: aa)

apply (auto; fail)
by (rename-tac aa, case-tac aa) (auto)

lemma list-all2-op-eq-map-right-iff - ist-all2 (AL L'. L' = f L) a aa +— aa = map f »
apply (induction a arbitrary: aa)
apply (auto; fail)
by (rename-tac aa, case-tac aa) auto

lemma list-all2-op-eq-map-left-iff: <list-all2 (\L' L. L' = (f L)) a aa +— a = map [ aw
apply (induction a arbitrary: aa)
apply (auto; fail)
by (rename-tac aa, case-tac aa) (auto)

lemma list-all2-op-eq-map-map-right-iff:
dist-all2 (list-all2 (AL. (=) (f L)) s’ x +— = = map (map [f) zs" for z
apply (induction zs’ arbitrary: x)

apply (auto; fail)
apply (case-tac )
by (auto simp: list-all2-op-eq-map-right-iff)

lemma list-all2-op-eq-map-map-left-iff:
dist-all2 (list-all2 (AL’ L. L' = f L)) zs’ © +— 8’ = map (map f)
apply (induction xzs’ arbitrary: )

apply (auto; fail)
apply (rename-tac z, case-tac x)
by (auto simp: list-all2-op-eq-map-left-iff)

lemma list-all2-cony:
dist-all2 Az y. Pz y AN Q zy) xs ys «— list-all2 P xs ys A list-all2 Q xs ys
by (auto simp: list-all2-conv-all-nth)

lemma list-all2-replicate:

(bi, b) € R' = list-all2 (M\x z'. (z, z') € R’) (replicate n bi) (replicate n b))
by (induction n) auto

1.3.14 Multisets

We have a lit of lemmas about multisets. Some of them have already moved to Nested-Multisets-Ordinals. Multise
but others are too specific (especially the distinct-mset property, which roughly corresponds to
finite sets).
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notation image-mset (infixr ‘# 90)

lemma in-multiset-nempty: (L €# D = D # {#}
by auto

The definition and the correctness theorem are from the multiset theory ~~/src/HOL/Library/
Multiset.thy, but a name is necessary to refer to them:

definition union-mset-list where
(union-mset-list xs ys = case-prod append (fold (Az (ys, zs). (removel z ys, x # 2s)) zs (ys, []))

lemma union-mset-list:

(mset s U# mset ys = mset (union-mset-list xs ys)
proof —

have (A zs. mset (case-prod append (fold (Az (ys, zs). (removel x ys, © # 2s)) xs (ys, 2s))) =

(mset zs U# mset ys) + mset zs
by (induct xs arbitrary: ys) (simp-all add: multiset-eq-iff)

then show %thesis by (simp add: union-mset-list-def)

qed

lemma union-mset-list-Nil[simp]: (union-mset-list [| bi = bi)
by (auto simp: union-mset-list-def)

lemma size-le-Suc-0-iff: size M < Suc 0 «— ((Fa b. M = {#a#}) vV M = {#})
using size-1-singleton-mset by (auto simp: le-Suc-eq)

lemma size-2-iff: «size M = 2 +— (Fa b. M = {#a, b#})
by (metis One-nat-def Suc-1 Suc-pred empty-not-add-mset nonempty-has-size size-Diff-singleton
size-eq-Suc-imp-eq-union size-single union-single-eq-diff union-single-eq-member)

lemma subset-eq-mset-single-iff: @2 CH# {#L#} +— 22 = {#} V 22 = {#L#}
by (metis single-is-union subset-mset.add-diff-inverse subset-mset.eq-refl subset-mset.zero-le)

lemma mset-eq-size-2:
(mset xs = {#a, b#} «— x5 = [a, b] V x5 = [b, a)
by (cases xs) (auto simp: add-mset-eq-add-mset Diff-eq-empty-iff-mset subset-eq-mset-single-iff)

lemma butlast-list-update:
(w < length xs = butlast (xs[w := last zs]) = take w zs Q butlast (last xs # drop (Suc w) xs)
by (induction zs arbitrary: w) (auto split: nat.splits if-splits simp: upd-conv-take-nth-drop)

lemma mset-butlast-removel-mset: s # [| = mset (butlast xs) = removel-mset (last zs) (mset xs)
apply (subst(2) append-butlast-last-id|[of s, symmetric])
apply assumption
apply (simp only: mset-append)
by auto

lemma distinct-mset-mono: (D' CH# D = distinct-mset D = distinct-mset D"
by (metis distinct-mset-union subset-mset.le-iff-add)

lemma distinct-mset-mono-strict: <D’ C# D = distinct-mset D = distinct-mset D"
using distinct-mset-mono by auto

lemma subset-mset-trans-add-mset:

(D C# D' = D C# add-mset L D"
by (metis add-mset-remove-trivial diff-subset-eq-self subset-mset.dual-order.trans)
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lemma subset-add-mset-notin-subset: <L ¢# E —> E C# add-mset L D +— E C# D»
by (meson subset-add-mset-notin-subset-mset subset-mset-trans-add-mset)

lemma removel-mset-empty-iff: (removel-mset L N = {#} «— N = {#L#} V N = {#}
by (cases (L €# N»; cases N) auto

lemma distinct-subseteg-iff :
assumes dist: distinct-mset M and fin: distinct-mset N
shows set-mset M C set-mset N <—— M C# N
proof
assume set-mset M C set-mset N
then show M C# N
using dist fin by auto
next
assume M C# N
then show set-mset M C set-mset N
by (metis set-mset-mono)
qed

lemma distinct-set-mset-eq-iff:
assumes (distinct-mset M) (distinct-mset N)
shows (set-mset M = set-mset N «— M = N)
using assms distinct-mset-set-mset-ident by fastforce

lemma (in —) distinct-mset-union2:
(distinct-mset (A + B) = distinct-mset B>
using distinct-mset-union[of B A]
by (auto simp: ac-simps)

lemma in-removel-msetl: «x # a = x €# M = x €# removel-mset a M)
by (simp add: in-removel-mset-neq)

lemma count-multi-member-split:
(count M a > n =AM’ M = replicate-mset n a + M"
apply (induction n arbitrary: M)
subgoal by auto
subgoal premises IH for n M
using [H(1)[of (removel-mset a M>] TH(2)
apply (cases (n < count M a — Suc )
apply (auto dest!: Suc-le-D)
by (metis count-greater-zero-iff insert-DiffM zero-less-Suc)
done

lemma count-image-mset-multi-member-split:
count (image-mset f M) L > Suc 0 = IK. fK =L AN K €# M
by auto

lemma count-image-mset-multi-member-split-2:
assumes count: <count (image-mset f M) L > 2)
shows K K' M fK=LANKe# MANfK' =LA K'e# removel-mset K M A
M = {#K, K'#} + M)
proof —
obtain K where
K:(fK=DL (K e# M
using count-image-mset-multi-member-splitjof f M L] count by fastforce
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then obtain K’ where
K" «(fK'= L (K' €# removel-mset K M)
using count-image-mset-multi-member-split|of f (removel-mset K M» L] count
by (auto dest!: multi-member-split)

moreover have AM’'= M = {#K, K'#} + M"
using multi-member-split[of K M| multi-member-split[of K' (removel-mset K M)] K K’
by (auto dest!: multi-member-split)

then show ?thesis
using K K' by blast

qed

lemma minus-notin-trivial: L ¢# A = A — add-mset L B= A — B
by (metis diff-intersect-left-idem inter-add-right1)

lemma minus-notin-trivial2: <b ¢# A = A — add-mset e (add-mset b B) = A — add-mset e B
by (subst add-mset-commute) (auto simp: minus-notin-trivial)

lemma diff-union-single-conv3: «a ¢# I = removel-mset a (I + J) = I 4+ removel-mset a J»
by (metis diff-union-single-conv remove-1-mset-id-iff-notin union-iff )

lemma filter-union-or-split:

#L €# C. PLV Q L#) = {#L c# C. P L#) + {#L e# C. ~P L A Q L#)
by (induction C) auto

lemma subset-mset-minus-eq-add-mset-noteq: <A CH# C — A — B # O)
by (auto simp: dest: in-diffD)

lemma minus-eq-id-forall-notin-mset:
(A—B=A+— (VL e# B. L ¢# A)p
by (induction A)
(auto dest!: multi-member-split simp: subset-mset-minus-eq-add-mset-noteq)

lemma in-multiset-minus-notin-snd[simpl: «a ¢# B = a €# A — B+— a €# A
by (metis count-greater-zero-iff count-inl in-diff-count)

lemma distinct-mset-in-diff:
(distinct-mset C = a €# C — D +— a €# C N a ¢# D
by (meson distinct-mem-diff-mset in-multiset-minus-notin-snd)

lemma diff-le-mono2-mset: (A C# B=—= C — BC# C — A
apply (auto simp: subseteq-mset-def ac-simps)
by (simp add: diff-le-mono2)

lemma subseteg-removel [simp]: (C' CH# C' = removel-mset L C C# C%
by (meson diff-subset-eq-self subset-mset.dual-order.trans)

lemma filter-mset-cong2:
(ANz.z €# M = fz=gz) = M = N = filter-mset f M = filter-mset g N
by (hypsubst, rule filter-mset-cong, simp)

lemma filter-mset-cong-inner-outer:
assumes
M-eq: (N\z. z €## M = fz = g z) and
notin: «(A\z. x €# N — M = —g z)) and
MN: (M C# N
shows (filter-mset f M = filter-mset g N»
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proof —
define NM where (NM = N — M)
have N: <N = M + NM)
unfolding NM-def using MN by simp
have (filter-mset ¢ NM = {#}
using notin unfolding NM-def[symmetric] by (auto simp: filter-mset-empty-conv)
moreover have (filter-mset f M = filter-mset g M)
by (rule filter-mset-cong) (use M-eq in auto)
ultimately show ?thesis
unfolding N by simp
qed

lemma notin-filter-mset:
(K ¢# C = filter-mset P C' = filter-mset (A\L. PL AN L # K) O
by (rule filter-mset-cong) auto

lemma distinct-mset-add-mset-filter:
assumes (distinct-mset C) and (L €# C) and —P L)
shows (add-mset L (filter-mset P C) = filter-mset (Axz. Px V z = L) O
using assms
proof (induction C')
case empty
then show ?Zcase by simp
next
case (add z C) note dist = this(2) and LC = this(3) and P[simp] = this(4) and - = this
then have IH: (L €# C = add-mset L (filter-mset P C) = {#x €# C. Pz V z = L#} by auto
show ?Zcase
proof (cases «x = L)
case [simp]: True
have (filter-mset P C = {#xz €# C. Px V © = L#}
by (rule filter-mset-cong?2) (use dist in auto)
then show ?thesis
by auto
next
case Fulse
then show ?thesis
using IH LC by auto
qed
qed

lemma set-mset-set-mset-eq-iff: (set-mset A = set-mset B «— (Va€#A. a €# B) A (Va€#B. a €#
A)
by blast

lemma removel-mset-union-distrib:
(removel-mset a (M U# N) = removel-mset a M U# removel-mset a N»
by (auto simp: multiset-eq-iff)

lemma member-add-mset: (a €# add-mset x s +— a =z V a €F# z9
by simp

lemma sup-union-right-if:
(N U# add-mset z M =
(if ¢ ¢4 N then add-mset x (N U# M) else add-mset x (removel-mset x N U# M))
by (auto simp: sup-union-right2)
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lemma same-mset-distinct-iff:
(mset M = mset M' = distinct M <— distinct M"
by (auto simp: distinct-mset-mset-distinct[symmetric] simp del: distinct-mset-mset-distinct)

lemma inj-on-image-mset-eq-iff:
assumes inj: (inj-on [ (set-mset (M + M’))
shows «mage-mset f M' = image-mset f M «— M' = M) (is (YA = ?B))
proof
assume ?B
then show ?A by auto
next
assume 74
then show ?¢B
using inj
proof (induction M arbitrary: M)
case empty
then show ?case by auto
next
case (add x M) note IH = this(1) and H = this(2) and inj = this(3)

obtain MI z’ where
M’ <M’ = add-mset ' M1) and
frz”s (fz’ = fo and
M1-M: <mage-mset f M1 = image-mset f M>
using H by (auto dest!: msed-map-invR)
moreover have (M1 = M)
apply (rule IH[OF M1-M))
using inj by (auto simp: M')
moreover have (z = z/
using inj f-zz’ by (auto simp: M)
ultimately show ?case by fast
qed
qed

lemma inj-image-mset-eq-iff:
assumes nj: «inj f)
shows (image-mset f M' = image-mset f M <— M' = M
using inj-on-image-mset-eq-iff [of f M’ M| assms
by (simp add: inj-eq multiset.inj-map)

lemma singleton-eg-image-mset-iff: {#a#} = f ‘# NE' <— (3b. NE' = {#b#} A fb=a)
by (cases NE') auto

lemma image-mset-If-eq-notin:
(C ¢# A= {#f (ifx = Cthenazelse bx). © €# A#} = {# f(bx). x €# A #}
by (induction A) auto

lemma finite-mset-set-inter:
(finite A = finite B => mset-set (A N B) = mset-set A N# mset-set B
apply (induction A rule: finite-induct)
subgoal by auto
subgoal for a A
apply (cases (a € By; cases (a €# mset-set B))
using multi-member-split[of a (mset-set B
by (auto simp: mset-set.insert-remove)
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done

lemma distinct-mset-inter-remdups-mset:
assumes dist: (distinct-mset A
shows (A N# remdups-mset B = A N# B

proof —
have [simp]: (A’ N# removel-mset a (remdups-mset Aa) = A’ N# Aw
if
(A" N# remdups-mset Aa = A’ N# Aa and
(a ¢# A" and
(a €# Aw

for A’ Aa :: (a multiset) and a
by (metis insert-Diff M inter-add-right! set-mset-remdups-mset that)

show ?thesis

using dist

apply (induction A)

subgoal by auto

subgoal for a A’
apply (cases (a €# B))
using multi-member-split[of a (B)] multi-member-split[of a <A)]
by (auto simp: mset-set.insert-remove)

done

qed

lemma mset-butlast-update-last[simp]:
(w < length xs = mset (butlast (zs|w := last (zs)])) = removel-mset (zs ! w) (mset zs)
by (cases s = [])
(auto simp add: last-list-update-to-last mset-butlast-removel-mset mset-update)

lemma in-multiset-ge-Maz: (o €# N = a > Max (insert 0 (set-mset N)) = Fulse
by (simp add: leD)

lemma distinct-mset-set-mset-removel-mset:
(distinct-mset M —> set-mset (removel-mset ¢ M) = set-mset M — {c}h
by (cases (¢ €# M) (auto dest!: multi-member-split simp: add-mset-eq-add-mset)

lemma distinct-count-msetD:
(distinct xs = count (mset xs) a = (if a € set xs then 1 else 0))
unfolding distinct-count-atmost-1 by auto

lemma filter-mset-and-implied:
(Aia. ia €# s = Q ia = P ia) = {#ia €# xs. Pia N Q ia#} = {#ia €F# zs. Q ia#}p
by (rule filter-mset-cong?2) auto

lemma filter-mset-eq-add-msetD: (filter-mset P xs = add-mset a« A = a €# zs N P @
by (induction xzs arbitrary: A)
(auto split: if-splits simp: add-mset-eq-add-mset)

lemma filter-mset-eq-add-msetD’: <add-mset a A = filter-mset P 1s = a €# 2s A P @
using filter-mset-eq-add-msetD|of P xzs a A] by auto

lemma image-filter-replicate-mset:

{# Ca €4 replicate-mset m C. P Ca#t} = (if P C then replicate-mset m C else {#})
by (induction m) auto
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lemma size-Union-mset-image-mset:

size (U# A) = (O i €# A. size i)
by (induction A) auto

lemma image-mset-minus-inj-on:
tnj-on f (set-mset A U set-mset B) = f‘# (A —B)=f‘# A - f‘# B
apply (induction A arbitrary: B)
subgoal by auto
subgoal for z A B
apply (cases @ €# B))
apply (auto dest!: multi-member-split)
apply (subst diff-add-mset-swap)
apply auto
done
done

lemma filter-mset-mono-subset:
ACH# B= (A\z. 2 €e## A = P2 = Q x) = filter-mset P A C# filter-mset Q B
by (metis multiset-filter-mono multiset-filter-mono2 subset-mset.order-trans)

lemma mset-inter-empty-set-mset: <M N# xc = {#} +— set-mset M N set-mset zc = {}p
by (induction xc) auto

lemma sum-mset-mset-set-sum-set:
(3" A €# mset-set As. fA) = (DA € As. fA)
apply (cases (finite As»)
by (induction As rule: finite-induct) auto

lemma sum-mset-sum-count:
(32 A e# As. fA) = (D A € set-mset As. count As A x f A)
proof (induction As)
case empty
then show ?Zcase by auto
next
case (add z As)
define n where (n = count As o
define As’ where (As’ = removeAll-mset z As
have As: (As = As’ + replicate-mset n 1)
by (auto simp: As'-def n-def introl: multiset-eql)
have [simp]: (set-mset As’ — {x} = set-mset As" <count As' © = 0) @ ¢# Ash
unfolding As’-def
by auto
have « () Aeset-mset As'.
(if x = A then Suc (count (As’ + replicate-mset n ) A)
else count (As’ + replicate-mset n ) A)
f4) =
(5" Aeset-mset As'.
(count (As' + replicate-mset n z) A) *
[A)
by (rule sum.cong) auto
then show Zcase using add by (auto simp: As sum.insert-remove)
qed

lemma sum-mset-inter-restrict:
(>° z €# filter-mset P M. fz) = (3, x €# M. if P x then f x else 0)
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by (induction M) auto

lemma mset-set-subset-iff:
(mset-set A C# I < infinite AV A C set-mset I
by (metis finite-set-mset finite-set-mset-mset-set mset-set.infinite mset-set-set-mset-subseteq
set-mset-mono subset-imp-msubset-mset-set subset-mset.bot.extremum subset-mset.dual-order.trans)

lemma sumset-diff-constant-left:
assumes (A\z. z €# A = fz < w
shows (D> ze# A.n — fz)=size Axn— D zc# A. fzx)
proof —
have (size A x n > (D xe# A . fz)
if (A\z.z€e# A= fz<mn for A
using that
by (induction A) (force simp: ac-simps)+
then show ?thesis
using assms
by (induction A) (auto simp: ac-simps)
qed

lemma mset-set-eq-mset-iff: (finite v = mset-set x = mset xs <— distinct xs \ © = set xs)
apply (auto simp flip: distinct-mset-mset-distinct eq-commute[of - (mset-set -]
simp: distinct-mset-mset-set mset-set-set)
apply (metis finite-set-mset-mset-set set-mset-mset)
apply (metis finite-set-mset-mset-set set-mset-mset)
done

lemma distinct-mset-iff:
(—distinct-mset C +— (Fa C'. C = add-mset a (add-mset a C'))
by (metis (no-types, hide-lams) One-nat-def
count-add-mset distinct-mset-add-mset distinct-mset-def
member-add-mset mset-add not-in-iff)

lemma diff-add-mset-removel: (NO-MATCH {#} N = M — add-mset a N = removel-mset a (M —
N)
by auto

1.4 Finite maps and multisets

Finite sets and multisets

abbreviation mset-fset :: <'a fset = 'a multisety where
(mset-fset N = mset-set (fset N)

definition fset-mset :: ('a multiset = 'a fsety where
(fset-mset N = Abs-fset (set-mset N)

lemma fset-mset-mset-fset: (fset-mset (mset-fset N) = N
by (auto simp: fset.fset-inverse fset-mset-def)

lemma mset-fset-fset-mset[simp]:
(mset-fset (fset-mset N) = remdups-mset N»
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by (auto simp: fset.fset-inverse fset-mset-def Abs-fset-inverse remdups-mset-def)

lemma in-mset-fset-fmember([simp|: @ €# mset-fset N +— z |€] N>
by (auto simp: fmember.rep-eq)

lemma in-fset-mset-mset[simp]: @ |€| fset-mset N «+— z €# N»
by (auto simp: fmember.rep-eq fset-mset-def Abs-fset-inverse)

lemma distinct-mset-subset-iff-remdups:
(distinct-mset a = a C# b «— a C# remdups-mset b
by (simp add: distinct-mset-inter-remdups-mset subset-mset.le-iff-inf)

Finite map and multisets

Roughly the same as ran and dom, but with duplication in the content (unlike their finite sets
counterpart) while still working on finite domains (unlike a function mapping). Remark that
dom-m (the keys) does not contain duplicates, but we keep for symmetry (and for easier use of
multiset operators as in the definition of ran-m).

definition dom-m where
(dom-m N = mset-fset (fmdom N)

definition ran-m where
tran-m N = the ‘# fmlookup N ‘# dom-m N)

lemma dom-m-fmdrop[simp|: «dom-m (fmdrop C N) = removel-mset C (dom-m N)
unfolding dom-m-def
by (cases «C |€| fmdom N»)
(auto simp: mset-set.remove fmember.rep-eq)

lemma dom-m-fmdrop-All: <dom-m (fmdrop C N) = removeAll-mset C (dom-m N)
unfolding dom-m-def
by (cases «C' |€| fmdom N»)
(auto simp: mset-set.remove fmember.rep-eq)

lemma dom-m-fmupd[simp]: «dom-m (fmupd k C N) = add-mset k (removel-mset k (dom-m N))
unfolding dom-m-def
by (cases k |€| fmdom N»)
(auto simp: mset-set.remove fmember.rep-eq mset-set.insert-remove)

lemma distinct-mset-dom: (distinct-mset (dom-m N)
by (simp add: distinct-mset-mset-set dom-m-def)

lemma in-dom-m-lookup-iff: «C €# dom-m N’ <+— fmlookup N’ C # None
by (auto simp: dom-m-def fmdom.rep-eq fmlookup-dom’-iff)

lemma in-dom-in-ran-m[simp|: <i €# dom-m N = the (fmlookup N i) €4 ran-m N)
by (auto simp: ran-m-def)

lemma fmupd-same[simp]:
@l €# dom-m zlaa = fmupd x1 (the (fmlookup zlaa x1)) zlaa = xlaw
by (metis fmap-ext fmupd-lookup in-dom-m-lookup-iff option.collapse)

lemma ran-m-fmempty[simp|: (ran-m fmempty = {#}> and

dom-m-fmempty[simp|: «dom-m fmempty = {#}
by (auto simp: ran-m-def dom-m-def)
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lemma fmrestrict-set-fmupd:
(a € 18 = fmrestrict-set xs (fmupd a C N) = fmupd a C (fmrestrict-set zs N))
(a & xs = fmrestrict-set xs (fmupd a C N) = fmrestrict-set xs N)
by (auto simp: fmfilter-alt-defs)

lemma fset-fmdom-fmrestrict-set:
(fset (fmdom (fmrestrict-set xs N)) = fset (fmdom N) N zs
by (auto simp: fmfilter-alt-defs)

lemma dom-m-fmrestrict-set: <dom-m (fmrestrict-set (set xs) N) = mset s N# dom-m N)
using fset-fmdom-fmrestrict-set[of <set zs) N| distinct-mset-dom[of N]
distinct-mset-inter-remdups-mset|[of (mset-fset (fmdom N)) (mset zs)]
by (auto simp: dom-m-def fset-mset-mset-fset finite-mset-set-inter multiset-inter-commaute

remdups-mset-def)

lemma dom-m-fmrestrict-set’: (dom-m (fmrestrict-set xs N) = mset-set (zs N set-mset (dom-m N))
using fset-fmdom-fmrestrict-set[of «xs) N| distinct-mset-dom[of N|
by (auto simp: dom-m-def fset-mset-mset-fset finite-mset-set-inter multiset-inter-commute
remdups-mset-def)

lemma indom-mli: (fmlookup m x = Some y = = €4# dom-m m)
by (drule fmdomlI) (auto simp: dom-m-def fmember.rep-eq)

lemma fmupd-fmdrop-id:
assumes  |€| fmdom N
shows (fmupd k (the (fmlookup N’ k)) (fmdrop k N') = N
proof —
have [simp]: «map-upd k (the (fmlookup N’ k))
(Az. if © # k then fmlookup N' z else None) =
map-upd k (the (fmlookup N’ k))
(fmlookup N')
by (auto introl: ext simp: map-upd-def)
have [simp]: <map-upd k (the (fmlookup N’ k)) (fmlookup N') = fmlookup N
using assms
by (auto introl: ext simp: map-upd-def)
have [simp]: «finite (dom (Az. if x = k then None else fmlookup N’ z))
by (subst dom-if) auto
show ?thesis
apply (auto simp: fmupd-def fmupd.abs-eq[symmetric])
unfolding fmlookup-drop
apply (simp add: fmlookup-inverse)
done
qed

lemma fm-member-split: k |€| fmdom N’ = IN" v. N’ = fmupd k v N A the (fmlookup N' k) = v
A
k |¢| fmdom N
by (rule exI[of - <fmdrop k N"))
(auto simp: fmupd-fmdrop-id)

lemma (fmdrop k (fmupd k va N'') = fmdrop k N
by (simp add: fmap-ext)

lemma fmap-ext-fmdom:
((fmdom N = fmdom N') = (A z. z |€| fmdom N = fmlookup N x = fmlookup N' z) =
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N =N’
by (rule fmap-ext)
(case-tac «x |€| fmdom N, auto simp: fmdom-notD)

lemma fmrestrict-set-insert-in:
@a € fset (fmdom N) =
fmrestrict-set (insert xa 1) N = fmupd za (the (fmlookup N za)) (fmrestrict-set 11 N))
apply (rule fmap-ext-fmdom)
apply (auto simp: fset-fmdom-fmrestrict-set fmember.rep-eq notin-fset dest: fmdom-notD; fail)]|
apply (auto simp: fmlookup-dom-iff; fail)
done

lemma fmrestrict-set-insert-notin:
wa ¢ fset (fmdom N) =
fmrestrict-set (insert za l1) N = fmrestrict-set 11 N
by (rule fmap-ext-fmdom)
(auto simp: fset-fmdom-fmrestrict-set fmember.rep-eq notin-fset dest: fmdom-notD)

lemma fmrestrict-set-insert-in-dom-m[simp):
(xa €7 dom-m N =
fmrestrict-set (insert za 11) N = fmupd za (the (fmlookup N za)) (fmrestrict-set 11 N))
by (simp add: fmrestrict-set-insert-in dom-m-def)

lemma fmrestrict-set-insert-notin-dom-m[simp):
wa ¢4 dom-m N =
fmrestrict-set (insert za l1) N = fmrestrict-set 11 N>
by (simp add: fmrestrict-set-insert-notin dom-m-def)

lemma fmlookup-restrict-set-id: (fset (fmdom N) C A = fmrestrict-set A N = N»
by (metis fmap-ext fmdom’-alt-def fmdom’-notD fmlookup-restrict-set subset-iff)

lemma fmlookup-restrict-set-id": (set-mset (dom-m N) C A = fmrestrict-set A N = N
by (rule fmlookup-restrict-set-id)
(auto simp: dom-m-def)

lemma ran-m-mapsto-upd:
assumes
NC: «C €4 dom-m N)
shows ran-m (fmupd C C' N) =
add-mset C' (removel-mset (the (fmlookup N C)) (ran-m N))
proof —
define N’ where
(N" = fmdrop C N»
have N-N': <dom-m N = add-mset C' (dom-m N')
using NC unfolding N'-def by auto
have «(C ¢# dom-m N
using NC distinct-mset-dom[of N| unfolding N-N' by auto
then show ?thesis
by (auto simp: N-N' ran-m-def mset-set.insert-remove image-mset-removel-mset-if
introl: image-mset-cong)
qed

lemma ran-m-mapsto-upd-notin:
assumes
NC: «C ¢4 dom-m N)
shows ran-m (fmupd C C' N) = add-mset C' (ran-m N)
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using NC
by (auto simp: ran-m-def mset-set.insert-remove image-mset-removel-mset-if
introl: image-mset-cong split: if-splits)

lemma ran-m-fmdrop:
(C €# dom-m N = ran-m (fmdrop C N) = removel-mset (the (fmlookup N C)) (ran-m N)
using distinct-mset-dom[of N]
by (cases (fmlookup N C»)
(auto simp: ran-m-def image-mset-If-eq-notin[of C - A\z. fst (the z))]
dest!: multi-member-split
intro!: filter-mset-cong2 image-mset-cong2)

lemma ran-m-fmdrop-notin:
(C ¢# dom-m N = ran-m (fmdrop C N) = ran-m N>
using distinct-mset-dom[of N]
by (auto simp: ran-m-def image-mset-If-eqg-notin[of C - Ax. fst (the x))]
dest!: multi-member-split
introl: filter-mset-cong2 image-mset-cong2)

lemma ran-m-fmdrop-If:
tran-m (fmdrop C N) = (if C €# dom-m N then removel-mset (the (fmlookup N C)) (ran-m N) else
ran-m N)
using distinct-mset-dom[of N]
by (auto simp: ran-m-def image-mset-If-eq-notinlof C - \z. fst (the z))]
dest!: multi-member-split
intro!: filter-mset-cong2 image-mset-cong2)

Compact domain for finite maps

packed is a predicate to indicate that the domain of finite mapping starts at I and does not
contain holes. We used it in the SAT solver for the mapping from indexes to clauses, to ensure
that there not holes and therefore giving an upper bound on the highest key.

TODO KILL!

definition Maz-dom where
(Maz-dom N = Max (set-mset (add-mset 0 (dom-m N)))

definition packed where
(packed N <— dom-m N = mset [1..<Suc (Maz-dom N)]

Marking this rule as simp is not compatible with unfolding the definition of packed when marked
as:

lemma Maz-dom-empty: (dom-m b = {#} = Maz-dom b = O»
by (auto simp: Maz-dom-def)

lemma Maz-dom-fmempty: (Maz-dom fmempty = 0)
by (auto simp: Max-dom-empty)

lemma packed-empty[simpl: packed fmempty
by (auto simp: packed-def Maz-dom-empty)

lemma packed-Maz-dom-size:

assumes p: (packed N)

shows (Maz-dom N = size (dom-m N))
proof —
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have 1: <dom-m N = mset [1..<Suc (Maz-dom N))
using p unfolding packed-def Maxz-dom-def[symmetric] .
have (size (dom-m N) = size (mset [1..<Suc (Maz-dom N)])
unfolding 1 ..

also have «... = length [1..<Suc (Maz-dom N))
unfolding size-mset ..
also have (... = Maz-dom N)

unfolding length-upt by simp
finally show ?thesis
by simp
qed

lemma Max-dom-le:
(L €# dom-m N — L < Max-dom N)
by (auto simp: Maz-dom-def)

lemma removel-mset-ge-Maz-some: <a > Maz-dom b = removel-mset a (dom-m b) = dom-m b
by (auto simp: Maz-dom-def remove-1-mset-id-iff-notin
dest!: multi-member-split)

lemma Maz-dom-fmupd-irrel:
(a == 'a :: {zero,linorder}) > Maz-dom M = Maz-dom (fmupd a C M) = max a (Maz-dom M)
by (cases (dom-m M)
(auto simp: Maz-dom-def removel-mset-ge-Maz-some ac-simps)

lemma Maz-dom-alt-def: (Maz-dom b = Mazx (insert 0 (set-mset (dom-m b)))
unfolding Maz-dom-def by auto

lemma Maz-insert-Suc-Maz-dim-dom[simp):
(Maz (insert (Suc (Maz-dom b)) (set-mset (dom-m b))) = Suc (Maz-dom b))
unfolding Max-dom-alt-def
by (cases (set-mset (dom-m b) = {}) auto

lemma size-dom-m-Mazx-dom:
size (dom-m N) < Suc (Maz-dom N)
proof —
have «dom-m N C# mset-set {0..< Suc (Maz-dom N)}
apply (rule distinct-finite-set-mset-subseteq-iff [ THEN iffD1])
subgoal by (auto simp: distinct-mset-dom)
subgoal by auto
subgoal by (auto dest: Maz-dom-le)
done
from size-mset-mono|OF this] show ?thesis by auto
qed

lemma Maz-atLeastLess Than-plus: (Maz {(a::nat) ..< a+n} = (if n = 0 then Maz {} else a+n — 1)

apply (induction n arbitrary: a)

subgoal by auto

subgoal for n a

by (cases n)
(auto simp: image-Suc-atLeastLess Than|[symmetric] mono-Maz-commaute[symmetric] mono-def
atLeastLess ThanSuc
simp del: image-Suc-atLeastLess Than)
done

lemma Maz-atLeastLessThan: (Mazx {(a::nat) ..< b} = (if b < a then Maz {} else b — 1)
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using Maz-atLeastLess Than-plus|of a (b—a)]
by auto

lemma Maz-insert-Max-dom-into-packed:
(Maz (insert (Maz-dom bc) {Suc 0..<Maz-dom be}) = Maz-dom be)
by (cases (Maz-dom bey; cases (Maz-dom be — 1))
(auto simp: Maz-dom-empty Maz-atLeastLessThan)

lemma packed0-fmud-Suc-Maz-dom: (packed b = packed (fmupd (Suc (Maz-dom b)) C b))
by (auto simp: packed-def removel-mset-ge-Maz-some Maz-dom-fmupd-irrel maz-def)

lemma ge-Maz-dom-notin-dom-m: <a > Maz-dom ao = a ¢# dom-m a0
by (auto simp: Max-dom-def)

lemma packed-in-dom-mlI: (packed bc = j < Max-dom bc = 0 < j = j €# dom-m bo)
by (auto simp: packed-def)

lemma mset-fset-empty-iff: (mset-fset a = {#} +— a = fempty
by (cases a) (auto simp: mset-set-empty-iff)

lemma dom-m-empty-iff[iff]:
(dom-m NU = {#} +— NU = fmempty
by (cases NU) (auto simp: dom-m-def mset-fset-empty-iff mset-set.insert-remove)

lemma nat-power-div-base:
fixes k :: nat
assumes 0 < m 0 < k
shows k ~m div k = (k::nat) ~ (m — Suc 0)
proof —
have eq: k “m =k = ((m — Suc 0) + Suc 0)
by (simp add: assms)
show ?thesis
using assms by (simp only: power-add eq) auto
qed

end

theory FExplorer

imports Main

keywords explore explore-have explore-lemma explore-context :: diag
begin

1.4.1 Explore command

This theory contains the definition of four tactics that work on goals and put them in an Isar
proof:

e czplore generates an assume-show proof block
o cxplore-have generates an have-if-for block

e lemma generates a lemma-fixes-assumes-shows block
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e cxplore-context is mostly meaningful on several goals: it combines assumptions and vari-
ables between the goals to generate a context-fixes-begin-end bloc with lemmas in the
middle. This tactic is mostly useful when a lot of assumption and proof steps would be
shared.

If you use any of those tactic or have an idea how to improve it, please send an email to the
current maintainer!

ML ¢

signature EXPLORFER-LIB =

stg
datatype explorer-quote = QUOTES | GUILLEMOTS
val set-default-raw-param: theory —> theory
val default-raw-params: theory —> string = explorer-quote
val switch-to-cartouches: theory —> theory
val switch-to-quotes: theory —> theory

end

structure FExplorer-Lib : EXPLORFER-LIB =

struct
datatype explorer-quote = QUOTES | GUILLEMOTS
type raw-param = string x explorer-quote
val default-params = (explorer-quotes, QUOTES)

structure Data = Theory-Data

(

type T = raw-param list

val empty = single default-params

val extend = 1

fun merge data : T = AList.merge (op =) (K true) data

)

fun set-default-raw-param thy =
thy |> Data.map (AList.update (op =) default-params)

fun switch-to-quotes thy =
thy |> Data.map (AList.update (op =) (explorer-quotes, QUOTES))

fun switch-to-cartouches thy =
thy |> Data.map (AList.update (op =) (explorer-quotes, GUILLEMOTS))

fun default-raw-params thy =
Data.get thy |> hd

end
)

setup FExplorer-Lib.set-default-raw-param
ML ¢

Explorer-Lib. default-raw-params Q{theory}
)

ML «

signature EXPLORER =
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sig
datatype explore = HAVE-IF | ASSUME-SHOW | ASSUMES-SHOWS | CONTEXT
val explore: explore —> Toplevel.state —> Proof .state

end

structure FExplorer: EXPLORER =
struct
datatype explore = HAVE-IF | ASSUME-SHOW | ASSUMES-SHOWS | CONTEXT

fun split-clause t =
let
val (fizes, horn) = funpow-yield (length (Term.strip-all-vars t)) Logic.dest-all t;
val assms = Logic.strip-imp-prems horn;
val shows = Logic.strip-imp-concl horn;
in (fizes, assms, shows) end;

fun space-implode-with-line-break | =
if length | > 1 then
\n 7 space-implode and\n 1
else
space-implode and\n 1

fun keyword-fir HAVE-IF = for
| keyword-fix ASSUME-SHOW = fix
| keyword-fix ASSUMES-SHOWS = fizes

fun keyword-assume HAVE-IF = if
| keyword-assume ASSUME-SHOW = assume
| keyword-assume ASSUMES-SHOWS = assumes

fun keyword-goal HAVE-IF =
| keyword-goal ASSUME-SHOW = show
| keyword-goal ASSUMES-SHOWS = shows

fun isar-skeleton ctat aim enclosure (fizes, assms, shows) =
let
val kw-fix = keyword-fix aim
val kw-assume = keyword-assume aim
val kw-goal = keyword-goal aim
val fixes-s = if null fixes then NONE
else SOME (kw-fix ~ space-implode and
(map (fn (v, T) => v = == " enclosure (Syntax.string-of-typ ctat T)) fizes));
val (-, ctzt’) = Variable.add-fizes (map fst fizes) ctat;
val assumes-s = if null assms then NONE
else SOME (kw-assume ~ space-implode-with-line-break
(map (enclosure o Syntax.string-of-term ctat’) assms))
val shows-s = (kw-goal ~ (enclosure o Syntaz.string-of-term ctzt') shows)
val s =
(case aim of
HAVE-IF => (map-filter I [fizes-s|, map-filter I [assumes-s|, shows-s)
| ASSUME-SHOW => (map-filter I [fizes-s|, map-filter I [assumes-s], shows-s ~ sorry)
| ASSUMES-SHOWS =>  (map-filter I [fizes-s|, map-filter I [assumes-s], shows-s));
in
s
end;
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fun generate-text ASSUME-SHOW context enclosure clauses =
let val lines = clauses
|> map (isar-skeleton context ASSUME-SHOW enclosure)
|> map (fn (a, b, ¢) => a @ b Q [c])

|> map cat-lines

n

(proof — :: separate next lines Q [ged))

end

| generate-text HAVE-IF context enclosure clauses =
let

val raw-lines = map (isar-skeleton context HAVE-IF enclosure) clauses
fun treat-line (fizes-s, assumes-s, shows-s) =
let val combined-line = [shows-s] Q assumes-s Q fizes-s |> cat-lines

n
have ~ combined-line ~ \nproof —\n show ?thesis sorry\ngqed
end
val raw-lines-with-proof-body = map treat-line raw-lines
mn
separate \n raw-lines-with-proof-body
end
| generate-text ASSUMES-SHOWS context enclosure clauses =
let

val raw-lines = map (isar-skeleton context ASSUMES-SHOWS enclosure) clauses
fun treat-line (fizes-s, assumes-s, shows-s) =
let val combined-line = fizes-s @ assumes-s Q [shows-s] |> cat-lines

n
lemma\n ~ combined-line ~ \nproof —\n show ?thesis sorry\nged
end
val raw-lines-with-lemma-and-proof-body = map treat-line raw-lines
m
separate \n raw-lines-with-lemma-and-proof-body
end;

datatype proof-step = ASSUMPTION of term | FIXES of (string * typ) | GOAL of term

| Step of (proof-step x proof-step)
| Branch of (proof-step list)

datatype cproof-step = cASSUMPTION of term list | ¢FIXES of ((string = typ) list) | cGOAL of term
| cStep of (cproof-step x cproof-step)
| ¢cBranch of (cproof-step list)
| cLemma of ((string * typ) list * term list * term)

fun explore-context-init (FIXES var :: cgoal) =
Step ((FIXES var), explore-context-init cgoal)
| explore-context-init (ASSUMPTION assm :: cgoal) =
Step ((ASSUMPTION assm), explore-context-init cgoal)
| explore-context-init ((GOAL show]) =
GOAL show
| explore-context-init (GOAL show :: cgoal) =
Step (GOAL show, explore-context-init cgoal)

fun branch-hd-fizes-is P (Step (FIXES var, -)) = P var
| branch-hd-fizes-is P - = false

fun branch-hd-assms-is P (Step (ASSUMPTION wvar, -)) = P var
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| branch-hd-assms-is P (Step (GOAL wvar, -)) = P var
| branch-hd-assms-is P (GOAL var) = P var
| branch-hd-assms-is - - = false

fun find-find-pos P brs =
let
fun faccs (br :: brs) = if P br then SOME (accs, br, brs)
else f (accs Q [br]) brs
£~ 1 = NONE
in f ] brs end
(% Term.exists-subterm (curry (op =) t) *)
fun explore-context-merge (FIXES var :: cgoal) (Step (FIXES var', steps)) =
if var = var’ then
Step (FIXES var’,
explore-context-merge cgoal steps)
else
Step (FIXES var’, explore-context-merge cgoal steps)

| explore-context-merge (FIXES var :: cgoal) (Branch brs) =
(case find-find-pos (branch-hd-fizes-is (curry (op =) var)) brs of
SOME (b, (Step (fize, st)), after) =>
Branch (b @ Step (fize, explore-context-merge cgoal st) :: after)
| NONE =>
Branch (brs Q [Step (FIXES var, explore-context-init cgoal)]))
| explore-context-merge (FIXES var :: cgoal) steps =
Branch (steps :: [Step (FIXES var, explore-context-init cgoal)])

| explore-context-merge (ASSUMPTION assm :: cgoal) (Step (ASSUMPTION assm’, steps)) =
if assm = assm’ then
Step (ASSUMPTION assm/, explore-context-merge cgoal steps)
else
Branch [Step (ASSUMPTION assm’, steps), explore-context-init (ASSUMPTION assm :: cgoal))
explore-context-merge (ASSUMPTION assm :: cgoal) (Step (GOAL assm’, steps)) =
if assm = assm’ then
Step (GOAL assm’, explore-context-merge cgoal steps)
else
Branch [Step (GOAL assm/, steps), explore-context-init (ASSUMPTION assm :: cgoal)]
| explore-context-merge (ASSUMPTION assm :: cgoal) (GOAL assm’) =
if assm = assm’ then
Step (GOAL assm/, explore-context-init cgoal)
else
Branch [GOAL assm’, explore-context-init (ASSUMPTION assm :: cgoal)]
| explore-context-merge (ASSUMPTION assm :: cgoal) (Branch brs) =
(case find-find-pos (branch-hd-assms-is (fn t => assm = (t))) brs of
SOME (b, (Step (assm, st)), after) =>
Branch (b @Q Step (assm, explore-context-merge cgoal st) :: after)
| SOME (b, (GOAL goal), after) =>
Branch (b @Q Step (GOAL goal, explore-context-init cgoal) :: after)
| NONE =>
Branch (brs Q [Step (ASSUMPTION assm, explore-context-init cgoal)]))

| explore-context-merge (GOAL show :: [|) (Step (GOAL show’, steps)) =
if show = show’ then
GOAL show’
else
Branch [Step (GOAL show’, steps), GOAL show]
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| explore-context-merge clause ps =
Branch [ps, explore-context-init clause]

fun explore-context-all (clause :: clauses) =
fold explore-context-merge clauses (explore-context-init clause)

fun convert-proof (ASSUMPTION a) = cASSUMPTION |a]
| convert-proof (FIXES a) = ¢FIXES [a]
| convert-proof (GOAL a) = ¢cGOAL a
| convert-proof (Step (a, b)) = ¢Step (convert-proof a, convert-proof b)
| convert-proof (Branch brs) = cBranch (map convert-proof brs)

fun compress-proof (cStep (cASSUMPTION a, cStep (¢cASSUMPTION b, step))) =
compress-proof (cStep (cASSUMPTION (a @ b), compress-proof step))
| compress-proof (cStep (¢FIXES a, c¢Step (cFIXES b, step))) =
compress-proof (cStep (¢cFIXES (a @ b), compress-proof step))
| compress-proof (cStep (¢cFIXES a, c¢Step (cASSUMPTION b,
cStep (cFIXES a', step)))) =
compress-proof (cStep (cFIXES (a Q a'), compress-proof (cStep (cASSUMPTION b, step))))

N~~~

| compress-proof (cStep (a, b)) =
let
val a’ = compress-proof a
val b’ = compress-proof b
m
if a = a’ andalso b = b’ then cStep (a’, b)
else compress-proof (cStep (a’, b'))
end
| compress-proof (cBranch brs) =
cBranch (map compress-proof brs)
| compress-proof a = a

fun compress-proof2 (cStep (cFIXES a, c¢Step (cASSUMPTION b, cGOAL g))) =

cLemma (a, b, g)

| compress-proof2 (cStep (cASSUMPTION b, cGOAL g)) =
cLemma ([], b, g)

| compress- pmof? (cStep (cFIXES b, cGOAL g)) =
cLemma (b, [], 9)

| compress-proof2 (cStep (a, b)) =
cStep (compress-proof2 a, compress-proof2 b)

| compress-proof2 (cBranch brs) =
¢Branch (map compress-proof2 brs)

| compress-proof2 a = a

fun reorder-assumptions-writ-fixes (fizes, assms, goal) =
let
fun depends-on t (fiz) = Term.exists-subterm (curry (op =) (Term.Free fir)) t
fun depends-on-any t (fix :: fizes) = depends-on t fiz orelse depends-on-any t fizes
| depends-on-any - [| = false
fun insert-all-assms [| assms = map ASSUMPTION assms
| insert-all-assms fizes [| = map FIXES fizes
| insert-all-assms (fix :: fizes) (assm :: assms) =
if depends-on-any assm (fix :: fizes) then
FIXES fix :: insert-all-assms fizes (assm :: assms)
else
ASSUMPTION assm :: insert-all-assms (fiz :: fixes) assms
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in
insert-all-assms fixes assms Q [GOAL goal)
end
fun generate-context-proof ctzt enclosure (cFIXES fixes) =
let
val kw-fix = fizes
val fizxes-s = if null fixzes then NONE
else SOME (kw-fix ~ space-implode and
(map (fn (v, T) => v = = " enclosure (Syntaz.string-of-typ ctxzt T)) fizes));
in the-default fizes-s end
generate-context-proof ctxt enclosure (cASSUMPTION assms) =
let
val kw-assume =  assumes
val assumes-s = if null assms then NONE
else SOME (kw-assume ~ space-implode-with-line-break
(map (enclosure o Syntax.string-of-term ctxt) assms))
in the-default assumes-s end
generate-context-proof ctxt enclosure (¢GOAL shows) =
hd (generate-text ASSUMES-SHOWS ctxzt enclosure [([], [], shows)])
generate-context-proof ctat enclosure (cStep (¢cFIXES f, ¢Step (cASSUMPTION assms, st))) =
let val (-, ctat’) = Variable.add-fizes (map fst f) ctat in
[context ,
generate-context-proof ctxt enclosure (cFIXES f),
generate-context-proof ctxt’ enclosure (cASSUMPTION assms),
begin,
generate-context-proof ctzt’ enclosure st,
end]
|> cat-lines
end
generate-context-proof ctat enclosure (cStep (¢cFIXES f, st)) =
let val (-, ctat’) = Variable.add-fizes (map fst f) ctat in
[context ,
generate-context-proof ctat enclosure (cFIXES f),
begin,
generate-context-proof ctzt’ enclosure st,
end]
|> cat-lines
end
generate-context-proof ctzt enclosure (cStep (cASSUMPTION assms, st)) =
[context |
generate-context-proof ctat enclosure (cASSUMPTION assms),
begin,
generate-context-proof ctxt enclosure st,
end)
|> cat-lines
| generate-context-proof ctat enclosure (cStep (st, st’)) =
[generate-context-proof ctxt enclosure st,
generate-context-proof ctat enclosure st’]
|> cat-lines
| generate-context-proof ctat enclosure (cBranch st) =
separate \n (map (generate-context-proof ctxt enclosure) st)
|> cat-lines
| generate-context-proof ctxt enclosure (cLemma (fixes, assms, shows)) =

hd (generate-text ASSUMES-SHOWS ctat enclosure [(fizes, assms, shows)])

fun explore aim st =
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let

val thy = Toplevel.theory-of st
val quote-type = Explorer-Lib.default-raw-params thy |> snd
val enclosure =

(case quote-type of

Explorer-Lib. GUILLEMOTS => cartouche

| Explorer-Lib.QUOTES => quote)
val st = Toplevel.proof-of st
val { context, facts = -, goal } = Proof.goal st;
val goal-props = Logic.strip-imp-prems ( Thm.prop-of goal);
val clauses = map split-clause goal-props;

val text =
if atm = CONTEXT then
(clauses

|> map reorder-assumptions-wrt-fizes
|> explore-context-all
|> convert-proof
|> compress-proof
|> compress-proof2
|> generate-context-proof context enclosure)
else cat-lines (generate-text aim context enclosure clauses);
val message = Active.sendback-markup-properties [| text;
mn
(st
|> tap (fn - => Output.information (Proof outline with cases:\n ~ message)))
end

end

val explore-cmd =
Toplevel.keep-proof (K () o Explorer.explore Explorer. ASSUME-SHOW)

val - =
Outer-Syntax.command Q{command-keyword explore}
explore current goal state as Isar proof
(Scan.succeed (explore-cmd))

val explore-have-cmd =
Toplevel.keep-proof (K () o Explorer.explore Explorer. HAVE-IF')

val - =
Outer-Syntax.command Q{command-keyword explore-have}
explore current goal state as Isar proof with have, if and for
(Scan.succeed explore-have-cmd)

val explore-lemma-cmd =
Toplevel.keep-proof (K () o Explorer.explore Explorer. ASSUMES-SHOWS)

val - =
Outer-Syntax.command @Q{command-keyword explore-lemma}
explore current goal state as Isar proof with lemma, fizes, assumes, and shows
(Scan.succeed explore-lemma-cmd)

val explore-ctat-cmd =
Toplevel.keep-proof (K () o Explorer.explore Explorer. CONTEXT)
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val - =
Outer-Syntax.command @Q{ command-keyword explore-context}
explore current goal state as Isar proof with context and lemmas
(Scan.succeed explore-ctxt-cmd)

1.4.2 Examples

You can choose cartouches

setup Ezxplorer-Lib.switch-to-cartouches

lemma
distinct xs = P xs = length (filler (Az. z = y) xs) < 1 for xs
apply (induct xs)

explore
explore-have
explore-lemma
oops

lemma

Nz Al x = A2

Nzy Al z = B2y

Neyzs B2y=— Alz = C22= (C38s

Neyzs B2y=— Alz = C22= C4s
Neyzst. B2y— Alzx—=— C22=— Cjs=— C3'1t
Neyzst. B2y— Alz— C22—=— Cjs=— C}'t
Neyzst. B2y— Alz = C2z = C)s= C5'¢

explore-context
explore-have
explore-lemma
oops

You can also choose quotes
setup FEzxplorer-Lib.switch-to-quotes
lemma

distinct xs = P xs = length (filter (Az. z = y) xs) < 1 for xs
apply (induct xs)

explore
explore-have
explore-lemma
oops

And switch back

setup FEzxplorer-Lib.switch-to-cartouches

lemma
distinct xs = P xs = length (filter (Az. z = y) zs) < 1 for xs
apply (induct xs)
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explore
explore-have
explore-lemma
oops

end
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